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ABSTRACT

We investigate the size distribution of the maximum areas and the instantaneous distribution of areas of sunspot groups using the Greenwich
sunspot group record spanning the interval 1874—1976. Both distributions are found to be well described by log-normal functions. Using a
simple model we can transform the maximum area distribution into the instantaneous area distribution if the sunspot area decay rates are also
distributed log-normally. For single-valued decay rates the resulting snapshot distribution is incompatible with the observations. The current
analysis therefore supports the results of Howard (1992, Sol. Phys., 137, 51) and Martinez Pillet et al. (1993, A&A, 274, 521). It is not possible
to distinguish between a linear and a quadratic decay law, however, with the employed data set.

Key words. Sun: sunspots — Sun: photosphere — Sun: faculae, plages

1. Introduction

Sunspots appear dark on the solar surface and typically last
for several days, although very large ones may live for sev-
eral weeks. Sunspots are concentrations of magnetic flux,
with kG magnetic field strengths. Usually, sunspots come in
groups containing two sets of spots of opposite magnetic
polarity.

The size spectrum of sunspots ranges from 3 MSH (micro
solar hemispheres) for the smallest (Bray & Loughhead 1964)
to more than 3000 MSH for very large sunspots. A quantitative
study of the size distribution of sunspot umbrae has been pre-
sented by Bogdan et al. (1988). They found a log-normal size
distribution by analysing a dataset of more than 24 000 Sunspot
umbral areas determined from Mt. Wilson white-light images.
Since the ratio of umbral to penumbral area depends only very
slightly on the sunspot size (see the references and discussion
in Solanki 2003) such a distribution can be expected to be valid
for sunspots as a whole.

Bogdan et al. (1988) used all sunspot observations in
their sample to determine their size distribution. Since many
sunspots live multiple days, the same sunspot appears multi-
ple times in their statistics. Furthermore, in the course of its
evolution, the size of a sunspot changes. Hence the method
of Bogdan et al. (1988) provides the instantaneous distribution
of sunspot sizes at any given time. This, however, generally
does not correspond to the distribution of the maximum sizes
of sunspots. The maximum size of a sunspot is usually reached
soon after its emergence given that sunspots grow rapidly and
decay slowly. For many purposes the latter distribution is the
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more useful one. An example is when the total amount of mag-
netic flux appearing on the solar surface in the form of sunspots
needs to be estimated (since the field strength averaged over a
full sunspot is remarkably constant (Solanki & Schmidt 1993),
the sunspot’s area is a good measure of the total magnetic flux).

The purpose of this paper is to determine the distributions
of both, the instantaneous sizes and the maximum sizes, and
to compare these with each other. We determine the size dis-
tribution function of sunspot umbrae and of total sunspot areas
from the digitized version of the daily sunspot observations of
the Royal Greenwich Observatory (RGO).

2. Dataset and analysis procedure

The GPR (Greenwich Photoheliographic Results) provide the
longest and most complete record of sunspot areas, spanning
observations from May 1874 to the end of 1976. However,
only the areas of complete sunspot groups and not of indi-
vidual sunspots have been recorded. The area covered by the
sunspots of a group is measured every time it is observed, i.e.
every day. Besides employing these values we followed each
sunspot group until it reached its maximum area. This area was
stored separately. We employ in all cases true areas corrected
for projection effects.

These stored areas can now be used to derive two different
distributions of sunspot areas. If we simply form the distribu-
tion obtained from all the measured areas, we obtain the aver-
age distribution of sunspot sizes at any random instance. We
call this the snapshot distribution. The snapshot distribution
also underlies the study of Bogdan et al. (1988). In general,
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this instantaneous size of a sunspot group will be smaller than
the size of the sunspot group at its full development. In the sec-
ond method, hereafter called maximum development method,
the area of a sunspot group is taken at the time when the group
has reached its maximum area. The maximum size is usually
reached early in the development of a sunspot or sunspot group.
It is followed by a steady decay (McIntosh 1981).

The maximum group area Ay determined from the
Greenwich data is in general too small. Since only one ob-
servation per day is available and thus the maximum area of
the spot group can be reached several hours before or after the
measurement. As we consider spot groups, the different spots
in the group may reach their maximum area at different times.
Therefore, Ap is in general somewhat smaller than the sum of
the maximum areas of all the sunspots in the group. The area
distribution of individual sunspots can be partly estimated by
considering separately just groups of type 0, i.e. those contain-
ing just a single spot.

Also, visibility and projection effects lead to too small areas
in the observations (Kopecky et al. 1985) affecting both distri-
butions. The RGO dataset that we use is already corrected for
foreshortening. Nevertheless, in order to minimize the errors
resulting from visibility corrections we use only spot groups
measured within £30° from the central meridian. When deter-
mining the maximum area of a sunspot group, we make sure
that the maximum extent is reached within a longitude +30° al-
though the sunspot group does not necessarily have to be born
within this angle.

We replace the continuous size distribution function dN/dA
by the discrete approximation AN/AA, where AA is the bin
width and AN is the raw count of the bin. Our criterion for
the bin width is 20% of the geometric mean area of the bin.
We include in our analysis only sunspot groups whose areas
exceed a lower cut-off limit Ap;,. For umbral areas we set
the limit to A“m"i‘r? = 15 MSH. This is similar to the cutoff of
Martinez Pillet et al. (1993), which they imposed when ana-
lyzing the same data set. For total spot areas we set the cut-off
limit to A:gfn = 60 MSH. Smaller areas than A,,;, are not taken
into account in this study, as they are falsified from enhanced
intrinsic measurement errors as well as from distortions due to
atmospheric seeing.

In order to make the size distributions for different datasets
comparable, we divide AN/AA by the total number of spots
exceeding Api,. This corresponds to a normalization
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Finally, we fit each empirical distribution with an analytical
function. In agreement with Bogdan et al. (1988) we find that
a log-normal function, i.e. a continuous distribution in which
the logarithm of a variable has a normal distribution, provides
a good description. The general form of a log-normal distribu-

tion is
_ 2
(V) - oA (V) )
dA 2Inoy dA /.«

where (dN/dA)max 1S the maximum value reached by the distri-
bution, (A) is the mean area and o4 is a measure of the width
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Fig.1. Size distribution function of umbral areas obtained from
the maximum development method (circles) and snapshot method
(crosses). The log-normal fits are over-plotted (solid line: fit to max-
imum area distribution, dotted line: fit to snapshot distribution). The
vertical line indicates the smallest umbral area considered for the fits.

of the log-normal distribution. Note that a log-normal function
appears as a parabola in a log-log plot.

Log-normal distributions have been found in various fields
of natural sciences. Examples are the size of silver particles in
a photographic emulsion, the survival time of bacteria in disin-
fectants or aerosols in industrial atmospheres (Crow & Shimizu
1988), or, within solar physics, the distribution of EUV radi-
ances in the quiet Sun (Pauluhn et al. 2000).

3. Results for RGO spot group areas
3.1. Umbrae

The size distributions of the umbral areas obtained from both,
the snapshot method and the maximum development method,
are shown in Fig. 1. For both methods, the resulting size dis-
tribution is well described by a log-normal function above the
lower cut-off Apin. As one would expect, the curve of the max-
imum areas lies above the snapshot curve for large sunspots.
For smaller areas, the snapshot distribution is higher, resulting
from the fact that the areas obtained with the snapshot method
are smaller (since they include sunspots at different stages of
decay), thus leading to more counts for smaller areas. The fit
parameters are listed in Table 1. It is at first sight surprising
that the size distributions obtained by both methods do not dif-
fer by a larger amount than suggested by Fig. 1. In general,
the two distributions are expected to be more similar to each
other if the lifetime of sunspots approaches the sampling time
of the data, i.e. 1 day. For sunspots with shorter lifetimes both
methods should give identical results. Therefore, the small dif-
ference between the two distributions is consistent with a rela-
tively short average lifetime of sunspots.

The umbral areas for single spots from RGO are roughly
a factor of 2—-3 larger than the corresponding areas from the
Mt. Wilson white light plate collection. This difference proba-
bly is largely due to the fact that the RGO areas are sunspot
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Table 1. Overview of the log-normal fit parameters. Due to the nor-
malization (1) there are only two free parameters (A) and o4.

Data set Method (A) o4 No.of Figure
sunspots
or groups
Mt. Wilson Bogdan  0.62 3.80 24615 -
Umbrae etal.
Umbrae Max. dev. 11.8 2.55 3966 1
Umbrae Snapshot 12.0 2.24 31411 1
Total area ~ Max. dev. 62.2 2.45 3926 2
Total area  Snapshot 58.6 2.49 34562 2
Total area ~ Max. dev. 45.5 2.11 939 3
single spots
Total area ~ Snapshot 30.2 2.14 15203 3
single spots
Umbral area Snapshot 0.27 6.19 11312 4
single spots
Model Max. dev. 11.8 2.55 807771 Sa
Model Snapshot
hourly 7.77 2.80 21352828 5Sa
daily 8.67 2.73 1092295 Sa
3 days 9.89 2.69 525605 Sa

group areas while the Mt. Wilson data analysed by Bogdan
et al. (1988) give the areas of individual spots. However, since
there are systematic differences also between the total areas
of all the spots on a given day between data sets (Fligge &
Solanki 1997; Foster 2004), other systematic differences are
also likely to be present. Systematic differences lead to a shift
of the RGO area distribution towards higher values of (A) and
smaller values of o4 (Table 1) with respect to the Mt. Wilson
dataset. The smaller value of o4 results from the logarithmic
nature of the distribution.

3.2. Total areas

Figure 2 shows the distributions for the total spot areas, i.e.
the sum of umbral and penumbral area. Log-normal fits match
both distributions rather well above the cut-off. However, both
distributions differ even less from each other than when only
the umbrae are considered (Fig. 1). Especially in the large area
regime, both distributions are almost indistinguishable. Since
every sunspot must have an umbra, it is not clear why the dif-
ference between the two distributions in Fig. 2 is smaller than
in Fig. 1, unless it is an indication of the limits of the accuracy
of the data. It may also be indicating that the decay law may be
different for umbrae and sunspots as a whole.
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Fig. 2. Size distribution function of the total spot group areas (um-
bra+penumbra) obtained from the maximum development method
(circles) and the snapshot method (crosses). Overplotted are the log-
normal fits for A > 60 MSH (solid line: maximum development
method, dotted line: snapshot method).
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Fig.3. Maximum area distribution (circles) and snapshot distribu-
tion (crosses) of total spot areas for single spots. Fits to the data for
A > 60 MSH: maximum development method (solid line), snapshot
method (dotted line).

3.3. Total areas of single spots

In this part of the study, we extracted only Greenwich sunspot
groups of type 0, i.e. single spots (Fig. 3). In order to get a sta-
tistically significant dataset, we had to extend our longitudinal
constraints to £60° around disk center.

The difference between the snapshot and the maximum area
distribution is more pronounced for total areas of single spots
than for total areas of all sunspot groups. The difference in the
two distributions can be explained by a similar argument as in
Sect. 3.1. The maximum distribution dominates for large ar-
eas, whereas the snapshot distribution shows more counts for
smaller areas due to the inclusion of different decay stages of
the sunspots. The similarity between Figs. 3 and 1 suggests that
the problem lies with Fig. 2. It may be that when determining



1064
1 T - - -
! Snapshot distribution X
N Log-normal fit --------
10°1 L Bogdan et al. (1988) ——— |
X s
X X
RPN
= 2L i
3 s
C
35 : \
3L i
CT) 10
e}
€ ‘ o
> 1074 N3¢ -
105 F .
1 » XX
% %
10°° : ! : —
10 100 1000

Umbral spot area [MSH]

Fig. 4. Snapshot distribution of umbral spot areas for single spots
(crosses), fit to the data (dotted line) and the curve from Bogdan et al.
(1988) (solid line).

the total area of sunspot groups, areas of the generally short-
lived pores were included in the Greenwich data set.

3.4. Umbral areas of single spots

Of special interest is the snapshot distribution of umbral ar-
eas of single spots (Fig. 4) because this can directly be com-
pared to the results of Bogdan et al. (1988). The RGO dataset
displays a significantly flatter distribution than the Mt. Wilson
data, i.e. the ratio of large umbrae to small umbrae is bigger for
the RGO data. This systematic difference between the data sets
is an indication of a systematic difference between sunspots in
groups of type 0 and other spots. The parameter (A) is roughly
a factor of 2 smaller than in the corresponding Mt. Wilson data,
while the width of the distribution is larger.

4. Modeling the snapshot distribution
4.1. Model description

We have developed a simple sunspot decay model that simu-
lates the snapshot distribution resulting from a given maximum
area distribution. One aim of this modelling effort is to find
out to what extent it is possible to distinguish between decay
laws from the difference between the maximum area and the
snapshot area distributions. Another aim is to test if, with de-
cay laws as published in the literature, both the maximum and
snapshot area distributions must have the same functional form
(e.g. both be log-normally distributed).

We consider two kinds of maximum development distribu-
tions: a lognormal distribution (2) and a power-law distribution
of the general form
h(A) =v- A". 3)
The latter is inspired by the power-law distribution of solar
bipolar magnetic regions, i.e. active and ephemeral active re-
gions (Harvey & Zwaan 1993).
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We assume an emergence rate of 10 000 spots per day. The
absolute number of emerging spots does not influence the re-
sults as they are normalized (Eq. (1)) and this high number is
chosen in order to obtain statistically significant distributions.
The constant emergence rate is a reasonable approximation of
the solar case during a small period of time, i.e a few months,
which is the length of time over which we let the model run.

Once the spots have emerged they begin to decay imme-
diately (the formation time of spots is short, i.e. hours (e.g.
Solanki 2003), and is thus neglected in the model).

There has been considerable debate regarding the decay law
of sunspots. A number of authors have argued for a linear decay
of sunspot areas with time (e.g. Bumba 1963; Moreno-Insertis
& Vazquez 1988). Others, e.g. Petrovay & van Driel-Gesztelyi
(1997), found that the decay rate of a sunspot is related to its
radius and thus is parabolic. The quadratic decay is also favored
by models that explain the erosion of a sunspot as magnetic
flux loss at the spot boundary (Meyer et al. 1974). Still others
could not distinguish between a linear and a quadratic decay
based on the available data (e.g. Martinez Pillet et al. 1993).
Howard (1992) and Martinez Pillet et al. (1993) found that the
sunspot decay rates are log-normally distributed. In view of the
partly controversial situation we have computed models with
all 4 possible combinations: a) quadratic decay law with log-
normally distributed decay rates, b) quadratic decay law with
a single, universal decay rate, c) linear decay law with a log-
normal decay rate distribution and d) linear decay law with a
constant decay rate. The parabolic decay law we implement has
the form

D 2
A(n) = (\/Ao - \/? (t- lo)) ,
0

with the added condition A(¢ — ty > Ay/D) = 0. The employed
linear decay law has the form

“)

A(t) = Ao = D (1 - 19), )

with A(t — to > Ag/D) = 0. The decay rates D are either given
the same specified value for all sunspots in the modelled sam-
ple, or are obtained from a random number generator providing
a log-normal distribution with a mean u = 1.75 and a variance
o? = 2 following Martinez Pillet et al. (1993).

Combining the maximum area distribution with the decay
law (Egs. (4) or (5)) we can determine the resulting snapshot
distribution, which can then be compared with the observed
distribution. We simulate an interval of 100 days after an ini-
tialization time of 100 days in order to make sure that a reason-
able mix of old, partly decayed spots and newly emerged spots
is present. We take the fit parameters for the umbral maximum
development distribution from Sect. 3 as the starting distribu-
tion of our model.

4.2. Results from the model

Snapshot distributions resulting from a quadratic decay law of
the form Eq. (4) with log-normally distributed decay rates are
plotted in Fig. 5a for 3 different sampling times. The first re-
sult is that the snapshot distributions can also be fitted well by
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Fig. 5. Results from the model for a quadratic decay-law for a) log-
normally distributed decay rates and sampling times of 1 h, 1 day
and 3 days and b) for constant decay rates D = 5 MSH/day, D =
20 MSH/day and D = 50 MSH/day and a sampling time of 1 day.

log-normal functions. A sampling rate of 1 day corresponds
to the RGO dataset and thus can be compared with the re-
sults for umbral areas in Fig. 1. The modelled snapshot dis-
tribution matches quite well the observed snapshot distribution
above the cut-off limit. At a sampling rate of 3 days, both dis-
tributions, maximum development and snapshot, lie very close
together. Such a large observing interval is comparable to the
average lifetime of the spots, so that it becomes difficult to dis-
tinguish between the two distributions. For an observing fre-
quency of 1 h, a sampling frequency provided by the MDI
dataset, the difference between the distributions is somewhat
larger, as more decay stages of the spots are included in the
snapshot data. When considering such a short sampling inter-
val the formation time of the spot group becomes important
and has to be taken into account, which is not included in our
model.

In the next step, we replace the log-normally distributed
decay-rates in Eq. (4) by constant decay rates (Fig. 5b). It is
interesting that for all constant decay rates the snapshot dis-
tribution curves lie above the maximum area distribution for
large sunspot areas. At first sight this appears counter-intuitive:
how can the snapshot distribution show more large spots than
the distribution of spot areas at maximum development? The

1065
01 7 Tl T L ]
L Maximum area distribution —+— |
R —— Snapshot dist. (hourly) -------
Snapshot dist. (daily) -------- g
0.01 - Snapshot dist. (3 days) -
> L
‘@ 0.001 | B
(9] L
©° .
g | linear decay law
g 0.0001 | log-normal decay rates E
z L
1e-05 -
" (a)
1e-06 ‘ol | L
10 100 1000
Area [MSH]
01 7 Tl T L ]
L Maximum area distribution —+— |
D=5 MSH/day ------—-
S EEE e D=20 MSH/day --------
0.01 | D=50 MSH/day - |
> L
‘@ 0.001 | B
(9] L
© .
g | linear decay law
g 0.0001 | constant decay rates E
z L
1e-05 -
" (b)
1e-06 ol | e
10 100 1000

Area [MSH]

Fig. 6. Results from the model for a linear decay-law for a) log-
normally distributed decay rates and sampling times of 1 h, 1 day
and 3 days and b) for constant decay rates D = 5 MSH/day, D =
20 MSH/day and D = 50 MSH/day and a sampling time of 1 day.

answer lies in the normalization. For a single decay rate, small
sunspots decay uniformely, so that after a given time a certain
fraction has become smaller than the cut-off area and the distri-
bution is therefore skewed towards larger spots, whose relative
(but not absolute) numbers increase. The reason therefore is the
normalization of the distributions. For a high decay rate (e.g.
50 MSH/day) both distribution curves lie closer together than
for small decay rates (e.g. 5 MSH/day). This is understandable
because a small decay rate affects more the smaller spots than
the larger spots.

In order to see how the decay law affects the results, we
repeat the above exercise, but for a linear decay law (Fig. 6).
Qualitatively, a similar behaviour for both cases can be ob-
served as in the case of a quadratic decay-law, e.g. for constant
decay rates the snapshot distributions lie above the maximum
area curve. When using log-normally distributed decay rates
in the linear decay law (Eq. (5)), the resulting snapshot curves
for the three different sampling times are almost indistinguish-
able. We conclude from our model that it is not possible to
distinguish between a linear and a quadratic decay-law by this
analysis based on the Greenwich data.

A variability of the decay rates (log-normal distribution)
thus seems necessary to yield the generally observed behaviour
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that the maximum area curve in general lies above the snapshot
curve.

Finally, we check if a power-law distribution of the
maximum development areas could also lead to a log-normal
snapshot distribution. A power-law size distribution with an ex-
ponent —2 has been found by Harvey (1993) for active regions
using Kitt Peak magnetograms. Since active regions harbour
sunspots, it might be worth testing if the maximum area dis-
tribution is similar to or very different from that of the host
active regions. To this purpose we insert a maximum size dis-
tribution dV/dA ~ A~2 in our model. This does not yield a log-
normal snapshot distribution but rather something very close
to a power-law, irrespective of the decay law. To make sure
that this result is not an artefact of the special choice of the
exponent of the power-law, we ran the same simulations with
powers between —1.0 and —3.0. In all cases we can exclude a
transformation of the power-law distribution for the maximum
areas into a log-normal snapshot distribution.

5. Conclusion

The size distribution for both, umbral and total spot area, has
a pronounced, smooth log-normal shape above our lower cut-
off limit. This is true for both, the instantaneous distribution
of sunspot sizes (snapshot distribution) and for the distribution
of sizes at the time of maximum development of each sunspot
group. These two distributions are rather similar, with the snap-
shot distribution being slightly steeper, in general.

We have studied what can be learnt about sunspot decay
from the comparison of these distributions, by starting from
the maximum development size distribution and computing the
snapshot distribution for different decay laws and parameters.

Both, linear and quadratic decay laws, yield qualitatively
similar results, making it impossible to distinguish between
them by an analysis, as carried out here. A universal decay
rate of all sunspots turns out to be inconsistent with the ob-
servations, while a log-normal distribution of decay rates, as
postulated by Howard (1992) and Martinez Pillet et al. (1993)
reproduces the observations.

The analysis presented here can be improved with obser-
vational data that a) sample individual sunspots instead of
sunspot groups, b) are observed at a higher cadence (e.g.
hourly instead of daily) and c) are obtained for a homoge-
neous, time-independent spatial resolution. Space based im-
agers, such as the Michelson Doppler Imager (MDI) on the
Solar and Heliospheric Observatory (SOHO) (Scherrer et al.
1995) can provide such data.

It is remarkable that the areas of sunspots are distributed
log-normally, irrespective of whether we consider umbrae
alone or the combined umbral plus penumbral area, or if
we consider single spots or complete sunspot groups, the
instantaneous distribution of sunspots or the distribution of
their maximum sizes. The decay rates of sunspots are dis-
tributed log-normally as well. Note that due to the linear
Gnevyshev-Waldmeier relation between sunspot sizes and life-
times, a log-normal distribution of sizes also implies a log-
normal distribution of sunspot lifetimes as can be seen by sub-
stituting 7 = WA into Eq. (2), where T is the sunspot lifetime
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and W = 10MSHday ' is a constant of proportionality
(Solanki 2003). What causes this preponderance of log-normal
distributions? Log-normal distributions are found in an increas-
ing number of natural, technical and social systems (Crow &
Shimizu 1988; Pauluhn et al. 2000; Redner 2005). Bogdan et al.
(1988) pointed out that the sizes of fragments produced by
fragmentation processes are log-normally distributed and spec-
ulated that sunspots may be fragments of a larger flux tube.
This interpretation neglects the fact that sunspots are unlikely
to be the only fragments produced by such a process. Features
such as pores and magnetic flux elements differ from sunspots
primarily in the amount of flux they harbour and are far more
numerous. The inclusion of such features would at least show
the distribution more strongly towards smaller areas and might
even lead to a different functional form. Now, there is no def-
inite boundary in size between sunspots and pores, as was
pointed out by Rucklidge et al. (1995), with the largest pores
being larger than the smallest sunspots. A log-normal distri-
bution reflects such a gradual transition (in contrast to a sharp
distinction in size). Such an argument does not distinguish be-
tween a log-normal and other roughly similar shaped functions,
however. Thus, the log-normal distribution of sunspot sizes ba-
sically reflects the size distribution of magnetic flux tubes for
which a penumbra is formed.
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