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(r, θ, ϕ)
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8¨G;��6g5 6o5 6
��pCDS=0? Q�OPG7Q�9CG7O�<sD0Z�9�M\OHG;? Q

∂ρ

∂t
+ ∇ · (ρu) = 0 ,

�f5 6o5 �
OPpCDS~�M��2G7D0Bf� y2OP? �"D0F�D0Z�9�M�OPG;?"Q

ρ
(∂u

∂t
+
(
u · ∇

)
u︸ ︷︷ ︸

inertia

)
= −∇p︸ ︷︷ ︸

pressure grad.

+ ρg︸︷︷︸
gravity

−2ρΩ × u︸ ︷︷ ︸
Coriolis

+ F︸︷︷︸
friction

,
� 5 6XW
�

M"QC|[OPpCDTDeQCD0BE�"<}D0Z�9�M�OPG;?"Q

ρCp

(∂T

∂t
+ u · ∇T︸ ︷︷ ︸

advection

)
−αT

(∂p

∂t
+ u · ∇p

)

︸ ︷︷ ︸
adiabatic heating

= ∇ · (k∇T )︸ ︷︷ ︸
diffusion

+ Φ︸︷︷︸
viscous heating

,
� 5 6ba �
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ρ
£
Cp

£
α
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k
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(6.5 ± 0.1)%
J	?"B �"9CACG7OHD0B � � 9CI�I�M"BH|�£�5�V�x x � M"QC|

(8.8±0.8)%
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0.34%
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F = µ∇
2u +

1

3
µ∇(∇ · u) + D(∇µ, u, ∂u).
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µ
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p
£
T

M"QC|
ρ
G;F
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p = ρR∗T
� 5 6b� �

nipCDeBHD
R∗
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ρ = ρ0

(
1 − α(T − T0)

)
= ρ0 + δρ (δρ � ρ0)
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(∂u

∂t
+
(
u · ∇

)
u

︸ ︷︷ ︸
inertia

)
= −∇p︸ ︷︷ ︸

pressure grad.

+ δρg︸︷︷︸
buoyancy

−2ρ0Ω × u︸ ︷︷ ︸
Coriolis

+ µ∇
2u︸ ︷︷ ︸

friction
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(∂T

∂t
+ u · ∇T︸ ︷︷ ︸

advection

)
= ∇ · (k∇T )︸ ︷︷ ︸

diffusion
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ρ(r, θ, ϕ, t) = ρ̃(r) + ρ′(r, θ, ϕ, t),

p(r, θ, ϕ, t) = p̃(r) + p′(r, θ, ϕ, t),
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T (r, θ, ϕ, t) = T̃ (r) + T ′(r, θ, ϕ, t).
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ρ̂ =
ρ̃

ρ̃o
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(
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(ro − r)

d

)
, p̂ =

p̃

p̃o
= exp

(
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(ro − r)

d

)
, T̂ =

T̃

T̃o

= 1,
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ε ≈ ρ′

ρ̃
≈ p′

p̃
≈ T ′

T̃
� 1.
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ρ = ρ̃(p̃, T̃ ) + ρ′ = ρ̃(p̃, T̃ ) +
(̃∂ρ

∂p

)

T
p′ +

(̃ ∂ρ

∂T

)

p
T ′

= ρ̃(p̃, T̃ ) + ρ̃χ̃T p′ − ρ̃α̃T ′

= ρ̃(p̃, T̃ ) + ρ̃
p′
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− ρ̃

T ′

T̃o
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sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂ϕ2
.
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+
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∑
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6.240 × 105 W x ��l l�a�6bx�5 �j5���6 l�a
3.360 × 104 1.112 × 106 5�a �j5���6mV�� �j5 6bW"a

lC6m`
6.266 × 105 W"� � �"`�W�6ma�W �j5�x�6mV"l

2.420 × 104 1.321 × 106 5�a �j5 5 6bW\l � `�6m���

lC6b�
6.286 × 105 a ` � �"a���6m� V �j5�x�6m���

1.720 × 104 1.548 × 106 5^l � ��6m` ` � `�6b� x
��6m`

6.319 × 105 a�5 � � x"��6 l�` �j5�V�6"���
1.205 × 104 1.783 × 106 5^l �f��6 l�x � `�6ma V

�1M"IC:;DSW26ba 
 �3BHG7OHG;=0M": �\M":;9CDeF�J	?"B�? Q�FHDeO�?"J�=e? Q�� De=eOPG7? Q�J	? B
ν̂ = 1

M\O
E = 3 × 10−4 J	? B�OHpCD

=^M"FED0F�c M\QC|�Yg��6

�gM"FHD�Y 
 ν̂ = 1
£
k̂ �

5
�gM"FHDSY!� 
 Pri = 1

Co (Rac)o (Rac)i mc ωc c`�6m`
9.920 × 104 9.920 × 104 � �fx\V�6b`"a �P5�a�6o5�x

`�6b�
9.732 × 104 1.606 × 105 x �j5�W ��6mV a �P5�x�6mV V

5 6m`
8.480 × 104 2.306 × 105 � �j5�x x�6o5�W � W W�6o5^l

5 6b�
6.814 × 104 3.053 × 105 � �fW\a V�6o5�V � W"V�6mV `

W�6m`
5.204 × 104 3.846 × 105 V � a"`�x�6m` V ��a"lC6o5�W

W�6b�
4.002 × 104 4.882 × 105 5�` � a � `�6b� W ��a���6m`��

a�6m`
2.931 × 104 5.891 × 105 5�` ��l�W"V�6m` � ��l�W�6mV�5

a�6b�
2.102 × 104 6.957 × 105 5�` �f�\`�5 6bx � � �"`�6o5��

lC6m`
1.554 × 104 8.485 × 105 5 5 �f�\a `�6b�"V ��l���6bW\l

lC6b�
1.033 × 104 9.297 × 105 5 5 ���"a���6o5�� � � x�6bx\l

��6m`
7.183 × 103 1.063 × 106 5 5 ���"V�x�6b�"a � � a�6 lC5

�1M"IC:;DSW26ml 
 �3BHG7OHG;=0M": �\M":;9CDeF�J	?"B�? Q�FHDeO�?"J�=e? Q�� De=eOPG7? Q�J	? B
ν̂ = 1

M\O
E = 3 × 10−4 J	? B�OHpCD

=^M"FED�Y!�j6

l �
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 �u?�|�G�	�De|.=0BEG7OPG7=^M": h�M^<�:7D0G7� p�Q�9C@LI!D0B
RacE

4/3 AC:7?"OHOHD0| M"F�MuJ	9CQC=�OPG7? Q.?"J
Co

6
y�Z�9�M"BHDeF 
 E = 1 × 10−3 6 �3G7BH=e:;D0F 
 E = 3 × 10−4 6 rzBPM^< 
 κ̂ = 1

�	=^M"FED>c ��6
Y3:NM"= � 
 k̂ = 1

�	=^M"FED�Yg� � 6

Rac
£
mc

M"QC|
ωc

J	? BH@�J	?"B�D^M"=jps�\M":79CDi?"J
E

FED0A�M"BHM\OPD�� BE? 9CACF niG7OHp>FEG;@vG;:NM\B1�\M"BHG;M\OPG7? QLniG7OHp
Co

M"F�FHpC?�niQ J	? B
Rac

G;Q 	C� 9CBHDKW�6"��6���pCG7F3G;Q�|CG;=0M\OPDeF OHp�M\O3OHpCDd|�D0A!D0QC|CDeQC=0Dz?"Q
E

M"Q�|
CoG;F�FED0A�M"BHM"IC:7D�M\QC|{OHpCD0Q�£

Rac
£
mc

M"QC|
ωc

@sM^<}I!DTBHD0FE=^M":7D0|uM"F

RacE
4/3 = f(Co), mcE

1/3 = g(Co), ωcE
2/3 = h(Co),

M"F
E → 0,

�&W�6mV��
nipCD0BED

f
£
g
M"Q�|

h
M\BHDgJ	9CQC=�OPG7? QCF�OPp�M�O G;QC=e:;9C|CDiM\F n�D0:7:COPpCDi|CDeA�DeQC|CDeQC=0D�niG7OPp�OHpCD�� BHM"QC|�OH:

Q�9C@LI!D0B06 81G;� 9CBED0FiW26ba2£�W�6 l�M"QC|{W�6b��|CG7FHAC:;M^<>OHpCDKBHDeFHA!D0=�OPG7�"DzBHDeFH=^M\:;D0|[=e9CBE�"D0F0£Cnip�G;=jp}FHp�?�n
G;Q>@>? FfO3?\J�OPpCD�=^M"FED0F�M�FfOPBEG ��G;QC�S=0?":;:NM\ACFHDiJ	BH? @_O�n�?L=09�BE� DeF�G;Q�OP?�? QCD\6 ��OgG;F QC?"O3=0:7D^M"B nip�<
J	? BLOPp�D}=^M"FEDuYg��£

RacE
4/3 |�G;FHA�:NM^<2F�O�n3?R=09�BE� DeFvniGoOPp.OHpCD[FPM"@vD ? ��FHD�OsM�O�D^M"=jp �\M":;9�D

?"J
Co

6�y�G7QC=0D
Pr > 1

M�OKDe�"D0Bf< A�?"G;Q�OK?"J OHpCDLFHp�D0:;:1J	? B
Co > 0

£�OPpCD�M\FE<2@>A�OP?"OHG;=LA!?�n3DeB
4/3

FHpC? 9�:;| I!D I�D�OHOHD0B�FPM�OPG;F 	�D0|.OHp�M"Q J	? BSOPpCD}=0M"FHD}c�£1nipCDeBHD
Pr = 1

� ��p�M\QC�C£ 5�V"V�5 ��6
�3BHGoOPG;=0M":��\M":79CD0F�M\Oi:7?�n3DeB

E
M\BHDTBHDeZ29�G;BHDe|{OH?�FHD0DTnipCD�OPpCDeBiOHpCG;FiI!D0p�M^�2G;?"9CB�A�DeBHFEG;FEOHF06

8¨G;�"9CBHD�W�6bx>M"QC| W�6b�vFHpC?�n¤D0Z�9�M�OP? BEGNM":,=09�OPFK?"J
z
���"? BEOHG;=0GoO�<uM"QC|uOHD0@vA�DeBPM\OH9CBHD�M\O�|CG���D0BED0Q�O

Co
6[��pCD>G;QC=eBHD^M\FHG;Q��uFfOPBPM�OPG�	C=^M\OHG;? QR=0? Q 	�QCD0F�OPpCDv=0? Q��"D0=eOHG;? Q.OH?�G7QC=0BED^M"FEG;QC� :o< Q�M"BEBH?�n�D0B

BHDe� G;? Q�F�M"Q�| OPp�Dvn3M^� D Q�9C@LI!D0BSG;Q�=0BHD0M"FHDeFLM"=e=0? BE|CG;Q�� :7<"6s��pCD>@>? FfOSBHD0@>M"B �\M\IC:;D�=jp�M"Q�� D

l�x
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1/3 AC:;?"OEOPDe| M"F M J	9�QC=eOHG;? Qw?\J
Co

6
y�Z�9�M"BED0F 
 E = 1 × 10−3 6 �3G7BH=e:;D0F 
 E = 3 × 10−4 6 rTBHM^< 
 κ̂ = 1

�	=^M"FED
c � 6�Y3:NM\= � 
 k̂ = 1

�	=^M"FED�Yg� � 6
M"ACA!D^M\BHF(M"BE? 9CQC|

Co = 2.5
J	?"B�OPpCD =0M"FHD c�6K8�? B FE@sM":7:;DeB

Co
£�=0? Q��"D0=eOHG;? Q BED0@>M"G;QCF

M\OEOjM"=jpCDe| OH?¥OPp�D%G7QCQCD0BRI!? 9CQC|�M\BE<¤M"FRG7O(G7F�M":7FH? G;Q OPpCD%Y3? 9�FHFHG7QCD0FEZ =^M"FED"6 Y3D�< ? QC|
Co = 2.5

£�=e? Q�� D0=�OPG7? Q FEDeOHFSG7Q(=0:;?"FHDLOP?}OHpCD�? 9�OHD0BzI!? 9CQC|�M\BE< 6�c_FEp�M"BEA G7QC=0BED^M"FED�G;Q OPpCD
n3M��"D�Q29�@LI�DeBz@sM\B ��FKOPpCG7FdOPBHM"QCFEG7OPG7? Q G7Q 	�� 9CBEDvW�6ml�6���pCD�FED0A�M\BPM\OHG;? Q ?"J�=09�BE� DeFTI�D�< ? QC|
Co = 2.5

FH? @vD0pC?�n FE9C� � DeFEOPFuOPp�M\OuOPpCD A�?�n�D0B
1/3

@sM^< QC?"O�I�DRn3De:;:SFH9CGoOPD0|¥nipCD0Q
=0?"Q��"D0=�OPG;?"Q�G;F�:7?�=0M":;G7FHDe| =0:7? FHDeBgOP?�OPpCDT? 9�OHD0B�I!? 9CQC|CM"BE<"6
cgO.FE@sM\:;:;DeB �"M\:;9CDeF�?"J

Co
G;Q¢OHpCD)=0M"FHD)c�£S|CD0QCFEG7O�< FEOHBPM\OHG�	�=0M\OPG7? Q pCM"F.M©FfOjM"I�G;:;G7FHG7QC�

D ��D0=�O�?"Q =e? Q�� D0=�OPG7? Q £¨G7QC|CG7=^M\OHD0|(I�< OPpCD�G;Q�=0BHD0M"FHDv?"J
Rac

niG7OHp
Co

6>cgO�:NM\BH� DeB
Co

£,OPpCD
FEOHD0DeA�DeB>? 9�OPD0B�I!? 9CQ�|�M"BE<.FH:;?"A�D FfOjM"I�G;:;G7FHDeFLOPpCD}=e? Q�� D0=�OPG7? Q M"FLn�D0:7:&6 � ?�nw@L9C=jp�G;FLOHpCD
=0?"Q�OHBHG7IC9�OPG7? Q)?\JzOPpCD |�D0QCFEG7O�<%FEOPBHM\OPG�	�=^M�OPG;?"Q)=0?"@>A�M\BHD0|%OP?�OHpCD FH:7? A!D�D ��D0=�O[=^M"Q�QC?"O I!D
|CG7FEOPG7QC� 9CG7FHpCDe|{niGoOPp[OPpCG7Fi@>?2|CD0:*6 � ?�n3D�� D0Be£�OHpCD�Q�D^M"BE:7<[=0?"QCFEOPM"Q�O

Rac
FE9C� � DeFEOPFiOPpCM\O�OHpCD

|CDeQCFHGoO�<�FfOPBPM�OPG�	C=^M\OHG;? Q�M"QC|.OPp�D ? 9�OHD0B�I!? 9CQ�|�M"BE< G;Q�=0:;G7Q�M\OHG;? Q(@v?�|CGoJ <(? QC:o< FE:;G7� p�OP:7< OHpCD
=0?"Q��"D0=�OPG7�"D�G7QCFEOPM"ICG;:7G7O�<"6
��pCD |�D0=0BED^M"FED ?"J

(Rac)o
niG7OHp

Co
G7Q%OPp�D =^M"FED YwG;FvBHDe:NM\OHD0|)OH?�OPp�D��\M"BHG;M\OPG7? Q%?\JzOPpCD

BPM\|CGNM":�ACBH? 	�:;DK?\J
κ̂
niG7OHp[|CG���D0BED0Q�O

Co
6�cdF

Co
G7QC=0BED^M"FED0Fe£COPpCDzBHM\OPG7? F

κ̂i/κ̂o
|CD0=eBHD^M\FHDSM"QC|

l��
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 �u?�|�G�	�De|{=eBHGoOPG;=0M":�?"FH=0G7:;:;M\OPG7? QvJ	BED0Z�9CDeQC=e<
ωcE

2/3 AC:7?"OHOHD0|{M"FiMLJ	9CQC=�OPG;?"Q{?\J
Co

6
y�Z�9�M"BHDeF 
 E = 1 × 10−3 6 �3G7BH=e:;D0F 
 E = 3 × 10−4 6 rzBPM^< 
 κ̂ = 1

�	=^M"FED>c ��6
Y3:NM"= � 
 k̂ = 1

�	=^M"FED�Yg� � 6
OPpCDeBHD�J	? BHD\£

(Rac)o
BHD�¡�D0=�OPF�OHpCDv=0? Q�� De=eOHG7� DsG;QCFfOjM"ICG7:;GoO�< ?"JiM{FHpCDe:;:�niG7OHp�FE@sM":7:;DeBz@>D0M"Q

κ̂OPp�M�OKBHDeFH9C:oOPFKG7Q�OPp�DL|CD0=eBHD0M"FHD�?"J
(Rac)o

niGoOPp
Co

6K��p�9CF0£�=0? @vA�M"BEG;FH?"QCFdI!DeO�n�D0DeQ
(Rac)oJ	? B�|�G���D0BHDeQ�OL�\M":;9CDeFL?"J

Co
|�? Q � O�� G7�"D}M�=e:;D^M\BLACG;=�OP9CBED>nipCD�OPpCDeB�|CD0Q�FHG7O�<�FEOHBPM\OHG�	�=0M\OPG7? Q

FEOPM"ICG;:7G;FED0FgOPp�DSFf<2FEOPDe@ ? B�QC?"O06
��pCD0Q.OHpCD}h�M^<�:7D0G7� p�Q�9C@LI!D0B�=jp�M"QC� DeFLOPpCBE? 9C� p�? 9�O�OHpCD FEpCD0:7:3M"A�A�D0M"BHF�OHpCD ACBE? IC:7D0@ ?"J
nipCD0BED}OP? |CD 	�QCD[G7O06RrT:;M\OPqe@sM\G;D0BSM"Q�|�rTG7:;@>M"Q � 5�V ��5^M��Sp�M^�"D}G;Q.OPp�D0G;B�M"QCDe:NM"FfOPG;=>:;G7QCD^M"B
@>?2|CDe:;FKM>:;?2=^M":1h�M^<2:;DeG;� puQ�9C@LI!D0BdOHp�M\OzG7QC=0BED^M"FED0FdniGoOPp BPM\|CG;9CFe6Kcd:oOPpC?"9C� p�OHpCDe<�p�M^� D

ν̂M"QC|
κ̂

=0? Q�FEOjM\Q�OvM\F�G;Q ? 9CB�=^M"FED}c�£¨OHpCD0G7BL� BPM^�2G7O�< |CDe=0BHD0M"FHDeF>FE:;G7� p�OP:7< niGoOPp BHM"|CG;9�F�M"QC|
OPpCDeG;B}FE9CA�DeBPM"|�GNM"I�M�OPG;=uOPD0@vA!D0BPM�OP9CBED � BPM"|�G;D0Q�O[G7QC=0BED^M"FED0F}� DeBE<�BPM\ACG;|C:o<%niGoOPp�BPM\|CG;9CF J	?"B
:NM"BE� DLFfOPBPM�OPG�	C=^M\OHG;? QCFe6���p�De< J	? 9�QC| £�De�\M":79�M\OHG;QC�sOHpCDvh�M^<2:;DeG;� p�Q29�@LI�DeBzG;Q OPp�D�=0D0Q�OHBHD�?"J
OPpCDiFEpCD0:7:&£"OHp�M\O

Rac
M"BHD�DeFHFHDeQ�OPGNM\:;:7<�OPpCD�FHM"@vDgJ	? B�MTY3? 9CFEFHG7QCD0FEZ�¡�9CG7|�M"QC|vMz=0? @vACBHDeFHFEG;IC:7D

¡�9CG7|{niGoOPp{|CG���D0BED0Q�O�:;De�"D0:7F�?\J�FEOHBPM\OHG�	�=0M\OPG7? Q 6 � ?�n�De�"D0B0£�FHG7QC=0DzOPp�D�=e? Q�� D0=�OPGo� D��"D0:7?�=eG7O�<}G7F
@sM�]�G7@L9C@ G;QuOPpCDLBED0� G7? Q�nipCDeBHDLOHpCDL:;?2=^M\:¨h�M^<�:7D0G7� p�Q�9C@LI!D0BdG;FK:;M"BH� D\£�G*6mD\6 M\O�OPpCD�? 9�OPDeB
I�?"9CQC|�M"Bf< £�De�\M":79�M\OPG7QC�

Rac
nipCDeBHD�OPpCDv=0?"Q��"D0=�OPG7�"D>�"D0:;?2=0GoO�< A!D^M ��FSBHD0FE9C:7OHFTG;QRBHD0:;M\OPGo� De:7<

@>?"BHDzFEOPM"IC:7DzFEOPBHM\OPG�	�D0|[¡�9CG7| 6
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 Rac
AC:7?"OHOHD0|vM"F MTJ	9�QC=eOHG;? Q�?"J

Co
J	? B

ν̂ = 1
6 y2Z29CM"BHDeF 
 E = 1×10−3 6 �3G7BH=0:7D0F 


E = 3 × 10−4 6>rTBHM�< 
 κ̂ = 1
�	=^M"FED�c ��6,Y�:NM"= � 
 k̂ = 1

�	=^M"FED>Y � � FE? :;G7|R:7G;QCD 
Y��L£CICBE?��"DeQ�:;G7QCD 
 Y!�j6
��Q(OPpCD�=^M\FHD>Yd£

(Rac)o
|C?[QC?\O�=jpCM"BPM"=�OPDeBHG;FED�OPpCDv? QCFEDeOS?"J�=0? Q�� De=eOHG;? Q FHG;Q�=0D�OPpCD�¡�?�n_G7F

:;?2=^M�OPD0|{M"|��HM"=0DeQ�OiOH?�OHpCDTG;QCQ�D0B�I!? 9CQC|�M\BE<[M"F 	��"9CBHDeFdW26Xx�M"QC|�W�6m��FHpC?�nT6����"M\:;9�M\OHG;QC�LOHpCD
h�M�<2:7D0G;�"p>Q�9C@LI!D0B3M\O OPpCD�G;QCQCDeB�I!? 9CQ�|�M"BE<>M"F

(Rac)i = ρ̂i(Rac)o
:7D^M"|CF OP?�M"QsG7QC=0BED^M"FEDd?"J

(Rac)i
niGoOPp

Co
M"F 	C� 9CBHD�W�6"�vFEpC?�niF06g��p�D�BPM\|CGNM":�=jp�M"QC� DS?"J1OPpCDT:;?2=^M\:���BPM"QC|�OP:,Q�9C@LI!D0B

M"|C|�FKJ	9CBEOHpCD0BK=e? @vAC:;D ]�GoO�<{G;Q�OHpCD�=0? @vA�M"BEG;FE? QCF06 � ?�n3D�� D0Be£,G7OK=0M"Q(I�D�=0? QC=e:;9C|�D0| J	? BdOHpCD
=^M\FHDLY �3OPp�M�Od|CDeQCFHGoO�<{FEOPBHM\OPG�	�=^M�OPG;?"Q{FfOjM"I�G;:;G7FHDeF�=e? Q�� De=eOPG7? Q FEG;QC=eDSJ	? B�De�"D0Bf<

Co
OPp�D�:;?2=^M\:

��BPM"Q�|�OP:�Q�9C@LI!D0BiBED0@>M"G;QCF39CQC=jp�M"Q�� D0|{nipCD0BEDSOHpCDz¡�?�n A!D^M ��F06
¦dBEDenT£ �"? QCD0F M"Q�| ��p�M\QC� �f5�V V � �¨FEOH9C|CG;De|>?"QCFHD�O�?\J =0?"Q��"D0=�OPG;?"QvJ	? B M"Q�D0:NM\FEOPG7=g@v?�|CDe:;F�niGoOPp
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lC6m`
2.810 × 102 8.684 × 105 V � ��6b� � ��`�6"���
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��Q OPpCD =0M"FHDeF}niG7OPp
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:;?"FHFHDeFiG7OPF��":;? I�M\:�=jp�M"BHM"=eOHD0Be6
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Case C Case DO

Co=1.5 Co=1.5

Co=4.0 Co=4.0
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 y�Q�M"ACFEpC?"OHF�?"J�DeZ�9�M\OP?"BHGNM\:�q����"? BEOHG;=eG7O�<RM"QC|ROPDe@>A!D0BHM\OP9CBEDsM�O
Ra = 1.1Rac

J	?"B
OPpCDT=^M\FHD0Fd�¥M\QC|{¦z�L6

J	? B M":;:�OPpCD�=^M"FED0F nipCD0BEDd=e? Q�� D0=�OPG7? QsFEDeOPF G;QvQCD0M"B�OPpCD�G;QCQ�D0B I�?"9CQC|�M"Bf<LOPp�D�:7?�=0M":�h�M�<2:7D0G;�"p
Q�9C@LI!D0B�G;F�QC?"O�:;?�n�D0FEO06 ��QSJ#M"=eO0£ M"F,OjM"I�:;Di5 6bWiFEpC?�niF0£"OHpCD3:7?�=0M":�h�M�<2:7D0G;�"pSQ�9C@�I�DeB¨G;Q�=0BHD0M"FHDeF
OP?�n3M"BH|CFgOHpCDKG7Q�OHD0BEG;? B3M"F

ρ̂
J	? B OPpCDz=0M"FHDeFiY M"QC|{�d£CM\QC|[M"F

ρ̂2 J	? B�OHpCDz=^M\FHDT¦�6 �u? BHDe?�� D0Be£
OPpCD3h�M^<2:;DeG;� pTQ�9C@LI!D0B1p�M"F,OPpCD FPM\@>D �\M":;9CD OPp�BH? 9C�"pC? 9�O,OPp�D3FHp�D0:;:�J	? B�OHpCD3=0M"FHD�c)M"Q�|�De�"D0Q
OPpCDeBHD\£¨OPpCD>ACBHD�J	D0BEBHD0| ACM\OHOHD0BHQ�?"J�=0?"Q��"D0=�OPG;?"Q�J	? B�:;M"BH�"D0BTFEOHBPM\OHG�	�=0M\OPG7? QCFTG;FSQC?"OLM"| �HM"=eD0Q�O
? B�=e:;? FED0B�OH?�OPp�D G;QCQ�D0B�I!? 9CQ�|�M"BE< M"F�? QCD 9CFE9�M":7:7<(? I�OPM"G;Q�F�G;Q OPpCD}Y�? 9CFHFEG;QCDeFHZ @>?2|CD0:7F06
��pCD0BEDeJ	? BED"£!OPpCDeBHD�@�9CFEO�I�D�M"QC?\OPpCDeBd@vD0=jp�M"Q�G;FH@ |�DeOPDeBH@vG;QCG7QC��nipCD0BEDL=0?"Q��"D0=�OPG;?"Q FHD�OPFdG7Q
nipCG;=jp{@L9CFfO�I�DTBHDe:NM\OHD0|}niG7OHp}OPpCDT=jpC? G7=0DT?"J�OPpCDTBHM"|CGNM\:�ACBE?
	�:;Dz?\J

k̂
6

Co=1.5

Co=4.0
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 y�Q�M"A�FHpC?"OHFK?"J�DeZ�9�M\OP?"BHGNM\:�q ���"? BEOHG;=0GoO�<{M"QC|�OHD0@vA�DeBPM\OH9CBHD�M\O
Ra = 1.1Rac
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���',����/���� �¨�	�
��pCD�:7?�=0M\OPG7? Q�?"J OHpCD�=0? Q��"D0=eOHG;? Q(A�M�OHOPDeBHQRM\Oz?"QCFHD�OTG;Fd�"?��"D0BEQCD0|RI�<�OPp�D�� BPM"|�G;D0Q�Oz?\J OHpCD
FEOPM\OPG7=�=0? QC|�9C=eOHG7� D�OPDe@>A!D0BHM\OP9�BHD

Ts
6s��pCD�OPDeBH@ ACBE? A!? BEOHG;? Q�M\:1OP? dTs

dr
G7QROHpCDv:;G;Q�D^M"BEG;FHDe|

D0Z�9�M�OPG;?"Q � 5 6ml�� ��G;QCAC9�OPF D0QCDeBH�"<vG7Q�OH?zOPpCD�FE<2FEOHD0@§M"��M\G;QCFfO�GoOPF |CG ��9CFEG7�2G7OHG;DeF0£�M"Q�|>OPp�D0BHD�J	? BHD\£
OPp�DT¡C9CG;|[G;F�=e? Q�� De=eOPGo� De:7<[@v? FEOi9CQ�FEOjM\IC:;DznipCDeBHD dTs

dr
G7F�FEOPDeD0A!D0FfO^6

��pCD�FEOPM\OPG7=L=0?"QC|C9C=�OPG7�"D�FEOjM�OPD�?"J OPpCD�Ff<�FfOPDe@ G;FK|CDeFH=eBHG;I!D0|RI�<
∇ ·

(
k̂∇Ts

)
= 0

6 ��OTp�M"F
FHA�pCD0BEG;=^M\:�FE<2@v@>D�OPBE<unipCD0Q

k̂ = k̂(r)
M\QC| OPpCD�G7@>A!? FHDe| I�?"9CQC|�M"Bf< =e? QC|CGoOPG;?"QCFKp�M^� D�QC?

M"QC�"9C:NM"B�|CDeA�DeQC|CDeQC=0D\6 8¨G�]�De|%OHD0@vA�DeBPM\OH9CBHD �
Ts|(ri,ro)

��? B 	�]�D0| pCD0M\Ov¡�9�] � dTs
dr

∣∣
(ri,ro)

�
M"FzOPp�D0BH@>M":�I!? 9CQC|CM"BE< =e? QC|CGoOPG7? QCF0£,|C?"Q � OSICBED^M � OHpCD�FHACp�D0BHG7=^M": Ff<�@v@vDeOPBf< ?"J OPpCDvFEOPM\OPG7=
=0?"QC|C9C=�OPG7�"D�FfOjM\OHDSM"QC|}OPp�9CFe£ ∂Ts

∂θ
= 0

M"QC| ∂Ts
∂ϕ

= 0
6

��pCDTD0Z�9�M�OPG;?"Q
1

r2

d

dr

(
r2k̂

dTs

dr

)
= 0

�*W�6o5�`��
� ?�� DeBHQCF�OPpCDzJ	? BE@ ?"J

Ts(r)
J	? B�Mv�"G7� DeQ{OHpCD0BE@sM\:�=0? QC|�9C=eOHG7�2G7O�<

k̂(r)
M\QC|�I!? 9CQC|CM"BE<[=e? Q��

|CGoOPG;?"QCF06 ��G7OHp 	�]�D0|�I�?"9CQC|�M"Bf<.=e? QC|CGoOPG;?"QCF0£
Ts|ri

= 1
M\QC|

Ts|ro = 0
£�OPpCD[M\Q�M":7<�OHG;=^M\:

FH?":;9�OHG;? Q>?"J �&W�6o5�`
� J	? B
k̂ = 1

£�G*6mD\62J	?"B�OPp�DzY3? 9CFEFHG7QCD0FEZs=^M\FHDK? B OPpCDKM"QCD0:;M"FEOHG;=�=^M"FED0FiY M"Q�|
¦ G;F

Ts =
rori

(ro − ri)

1

r
− ri

ro − ri
.

�*W�675"5 �
��pCG7FSA�BH?
	�:7D�|CD0=eBHD0M"FHDeFLM"F

1/r
M"QC|R|CD0A!D0Q�|CF�? Q OHpCD�� D0? @vDeOHBE< ?\J�OHpCD>Ff<2FEOPDe@ OPpCBE? 9C� p

OPp�DSQ�? Q���|�G;@vD0QCFEG;? Q�M\:�BPM\|CG;G
ri

M"QC|
ro
6

��pCDKM"QCM":7<�OPG7=^M":�FE? :;9�OPG;?"Q>?"J �&W�6o5�` ��J	? B
k̂ = exp

(
Co

(ro − r)
d

) £�G*6mD\6�J	? B OHpCD�=^M"FED0Fgc¥M"QC|
�d£�G;F�@�9C=jpu@v? BEDz=0? @vAC:;G7=^M\OHD0| 


Ts = B + A

{
Co

(ro − ri)
exp

(
− Co

ro

ro − ri

)[
ln(r) +

∑

n≥1

(
Co

ro − ri

)n
rn

n n!

]

− 1

r
exp

[
− Co

(ro − r)

(ro − ri)

]}
�*W�675�W �

nipCDeBHD
1

A
=

1

ro

− 1

ri

exp(−Co)
�&W�6o5�a��

+
Co

(ro − ri)
exp

(
− Co

ro

ro − ri

)[
ln

(
ri

ro

)
+
∑

n≥1

(
Co

ro − ri

)n
((ri)

n − (ro)
n)

n n!

]

M"QC|

B = A

[
1

ro

− Co

(ro − ri)
exp

(
−Co

ro

ro − ri

)[
ln(ro)+

∑

n≥1

(
Co

ro − ri

)n
(ro)

n

n n!

]]
.
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k const (Co=0.0)

κ const (Co=1.5)

κ const (Co=3.0)

κ const (Co=5.0)
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 y2OjM�OPG;=}=e? QC|C9�=eOPGo� D}OPDe@>A!D0BHM\OP9�BHD[ACBH? 	�:;D
Ts

AC:;?\OHOPDe| J	? B�|CG���D0BED0Q�O��\M":;9�D0F�?"J
Co

6
��pCDSFEOjM�OPG;=z=e? QC|C9�=eOPGo� DSACBH? 	�:;DT� Go� D0Q{G;Q �*W�675"5 �gG;F�BED0=0?��"D0BHDe| FHD�OHOPG7QC�

Co = 0
G;Q}OPpCDSACBED��

�2G;? 9CFiFE? :;9�OHG;? Q}�"G7� DeQ[I�< �*W�6o5�W
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J	? B�|CG���D0BED0Q�O��"M��

:;9CDeF�?\J
Co

6v��pCD>ACBH?
	C:;D0Fzn�D0BED>OPBE9CQC=0M\OPDe|.M\O
n = 100

M":7OHpC? 9C� pRM\O
n = 20

OPpCD�<(p�M"|
M":;BED^M"|�<u=e? Q�� DeBH� De| 6K��pCDLI�:NM"= �[FH?":;G;|u:;G7QCDT=0? BEBHD0FEA�?"QC|CFKOP?

Co = 0
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J	? B�OHpCD0G7B�@v?2|CD0:7F�niGoOPp

ν̂
M"QC|

κ̂
=0?"QCFEOPM"Q�O^6 ��Q(M\QC?"OPp�D0BdFfOP9C|�< £�OHpCD�FHM"@>D�M"9�OHpC? BHF�J	? 9CQC|
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µ̂
M"QC|
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µ̂
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k̂
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�KI�OjM"G7QCG;Q��{OHpCD>FfOjM\OHG;=v=0? Q�|C9C=eOHG7�"DsOPDe@>A!D0BHM\OP9CBED>A�BH?
	�:7D>G7FSM�QCD0=eD0FEFPM"Bf<�BED0Z�9CG;BED0@vD0Q�O�OH?
FEOH9C|�<>? QCFHD�Og?"J =0? Q�� De=eOHG;? Q}M\F3:;?"QC��M\F�OPp�D�OHpCD0BE@sM":�=e? QC|C9C=�OPGo��GoO�<vG;F QC?"O�=0? QCFfOjM"Q�O06 � ?�ng�

� x



��� � 
 ���!��� � ��� � � ��� � ���

De�"D0Be£3OPpCG7F�@>G7� p�O�QC?"OvI!DuM\Q%D0M"FE< OPM"F �.|�D0A!D0QC|CG7QC��?"Q OHpCD[J	? BH@ ?\J
k̂
6%c Z�9�M":7G7OjM�OPG7�"D

@vDeOPp�?�| OP?}FED0D�nipCDeOHpCD0BT=e? Q�� D0=�OPG7? Q�@vG;� p�OdFHDeOSG7Q M\| �HM"=0DeQ�OSOH? OPpCD�G7QCQCD0BzI!? 9CQ�|�M"BE< ? B
QC?"Ov=e? @>DeF�J	BH? @ MR=e:;? FED0B�G;Q�FHA!D0=eOHG;? Q OH?ROHpCD[D0Z�9�M\OH? BHG;M":g=09�OPFv?"J�OHD0@vA�DeBPM\OH9CBHD}J	? BLOHpCD
=^M\FHD0Fzc�M"QC|R�d6 ��Q OHpCD0FED�=^M"FED0Fe£

k̂
G;FK:;M"BH�"D0B�M\OKOPp�DLG;QCQ�D0BdI!? 9CQ�|�M"BE<uOPp�M\Q M\OKOHpCDL? 9�OHD0B

I!? 9CQC|�M\BE< 6 ��D FHDeD�OHp�M\O�OPpCDeBHD3G7F�M�:NM\BH� D BHDe� G;?"QSJ	BE? @©OPp�D3G;Q�OHD0BHG7? B�?"J�OPpCD�FHpCDe:;:�nipCD0BED3pCD0M\O
G;F�OHBPM"QCFEA�?"BEOPDe|�OPp�BH? 9C�"pu=e? QC|C9C=�OPG7? Q�9CQ�OHG;:�OPpCDS@v? FEO�=0?"Q��"D0=�OPG7�"D0:o<�9CQ�FEOjM\IC:;DSBHDe� G;? Q�F�M\BHD
BHD0M"=jpCDe| M"QC| OHpCD0Q�pCD^M\O�G;FS@>?"BHDvD �v=0G7D0Q�OP:o< OPBPM\QCFHA!? BEOHD0|�OHpCBH?"9C� p�=e? Q�� De=eOPG7? Q 6u��pCD0BED��
J	? BED"£ :;?2?���G;QC�(M\O�OHpCD[OPpCDeBH@>M":g=0?"QC|C9C=�OPG7�2GoO�< ACBH? 	�:;D}� Go� DeFsM BH?"9C� p�D0FEOHG;@>M\OPD}?\J�nipCDeBHD
=0?"Q��"D0=�OPG;?"QuniG;:7:�FEDeO�G;Q 6

� � 
 � ��� � !�� 
 ! #�� ��
�#������ ����
 #��
��pCD}? Q�FHDeOv?"J�=e? Q�� D0=�OPG7? Q G;Q BH?\OjM\OHG;QC�uFHACpCDeBHG7=^M":gFf<2FEOPDe@>F�p�M\F�I�DeD0Q niG;|CDe:7< FEOH9C|CG;De| G;Q
Y3? 9�FHFHG7QCD0FEZ @v?�|CDe:;Fe6���pCDKn�D0:;:�� ��QC?�niQ[M"Ff<�@vA�OH?"OPG7=K:NM^niF �*W�6X� � OPpCM\O�|CDeFH=0BEG;I!Dz=0? Q��"D0=eOHG;? Q
? QCFEDeOzG7Q G;Q�=0? @vACBHDeFHFEG;IC:7D�¡�9CG7|CF0£�@sM^<uBH? 9�� pC:7<{pC?":;| G7Q =0? @vACBED0FHFEG;IC:7D�@v?�|�D0:;F�M"FdOHpCD�BHD �
FH9�:7OPFiG7Q 	�� 9CBED0FdW�6ba2£!W�6 l>M\QC| W26X�LFH9�� � D0FfO^6
��Q�G;QC=e? @vACBHDeFHFHG7IC:;D�@>?2|CDe:;F¨niGoOPp�=0?"QCFEOPM"Q�O � BPM^�2G7O�<�I�M"= ��� BH?"9CQC| £ OHpCD�|CG;@vD0Q�FHG;?"QC:;DeFHF�Q�9C@��
I!D0BHF�|C? QC?"OL=jp�M"QC� D M"=0BE? FHF�OHpCD FEpCD0:7:&6 ��Q.OHpCD ACBED0FED0QC=eD{?\Ji|CD0QCFEG7O�< FEOHBPM\OHG�	�=0M\OPG7? Q £1OHpCD
|CG ��9CFEG7�2G7OHG;DeFg?"J�OPpCDTFE<2FfOPD0@ @>M^<}I!DzBPM"|CG;M":;:o<v|CD0A!D0QC|�D0Q�OzM"Q�|[OHpCD0BEDeJ	? BED"£COHpCDT|CG;@vD0QCFEG;? Q2�
:;DeFHFiQ�9C@LI!D0BEF�@>M^<}De�"D0Q�OP9�M\:;:7< p�M^� DLM�|CG ��DeBHDeQ�Oi�\M":79CDT|CD0A!D0QC|�G;QC�v? Q[OPpCDTBPM\|CG;9CFi=jpC?"FHD0Q
OP?R|CD 	�QCDuOHpCD0@{6 ��pCG7F>=e? @vAC:;G7=^M\OHD0F�OPpCD{=0?"@>A�M\BHG;FE? Q I�D�O�n3DeD0Q |CG ��DeBHDeQ�O>=^M\FHD0FsM"QC|%G;Q
A�M"BfOPG7=09C:;M"BSniGoOPp.OHpCD}Y3? 9�FHFHG7QCD0FEZ.@v?�|CDe:;Fe6 � ?�n�De� DeB0£ nipCD0Q OPp�D ��G;QCDe@sM\OHG;=��2G;FH=e? FHGoO�<

ν̂M"QC| OHpCD�OHpCD0BE@sM\:1|CG ��9�FHG7�2GoO�<
κ̂
M\BHDL=e? QCFEOPM"Q�O �&�gM\FHDLc �dM":;:�OHpCDL|CG7@>DeQCFHG7? QC:;DeFHF�Q�9C@LI!D0BHF

|C?�QC?\O�=jp�M"QC�"DdOPpCBE? 9C� p�? 9�OgOHpCDKFHp�D0:;:*6���pCG;F3A�M"BEOHG;=e9C:NM"B =^M\FHDzQC?"O3? QC:o< M":7:;?�niFgM�@>? BEDK|CG��
BHDe=eO�=e? @vA�M"BHG7FH? Q>I�D�O�n3DeD0Q{=0? @vACBED0FHFEG;IC:7DdM\QC|}G;QC=e? @vACBHDeFHFHG7IC:;D�BHDeFH9C:oOPFgI�9�OiM":7FH?C£2ACBH?��2G;|�D0F
M"Q{M"ACA�BH? ACBEGNM\OHDK@v?�|CDe:�OH?v|�D0FH=eBHG7I�DT=0?"@>ACBED0FEFHG;I�:;Dd¡�9�G;|CF�J	BH?"@UM�ACp�<2FHG7=^M":�A!? G;Q�O�?\J1�2G;D�nT6
8�BH? @ FEOjM�OPG;FfOPG7=^M":�ACp�<2FHG7=0F�=0? QCFEG;|CDeBPM\OHG;? Q�FTJ	?"B�M\Q�G;|�D^M":���M\F��	FHDeDsD"6 �C6�hiD0G7J £ 5�V ��x ��£ ��G;QCD �
@>M\OPG7=S�2G;FE=0? FEG7O�< M"QC| OPp�D0BH@>M":�|CG���9CFEG7�2G7O�<uM"BEDLACBH?"A�? BfOPG7? Q�M":*6d��pCDeBHDeJ	?"BHD"£�GoJ�OPpCD�<�=jpCM"QC� D
niG7OHp[|CD0QCFEG7O�<"£�OHpCDe< |C?�G7OiG;Q}OHpCDTFPM"@vDKJ#M"FHp�G;? Q 6
��pCD}=e? Q�� D0=�OPGo� D{G;QCFfOjM"ICG7:;GoO�< OjM �\D0F�AC:;M"=0D Q�D^M"B�OHpCD}G;Q�QCD0BLI!? 9CQ�|�M"BE<�G;Q�OHpCD[Y3? 9�FHFHG7QCD0FEZ
@v?�|CDe:;F�M"F�n3De:;:�M"FdG7QuOHpCD�FfOPBHM\OPG�	�D0| =0M"FHDeF�niGoOPp�=e? QCFfOjM"Q�OdOHpCD0BE@sM\:�=e? QC|C9�=eOPGo�2G7O�< �&�gM"FED0F
Y§M"QC| ¦ ��6 8�? B�OPpCD{@>?2|CDe:;FLniG7OHp%=e? QCFfOjM"Q�OvOPpCDeBH@>M":�|CG���9CFEG7�2G7O�< �*�gM"FHDeFsc M"QC| � ��£ M
OPBHM"QCFEG7OPG7? Q{G;Q[OPpCD�=0? Q�� De=eOHG;? Q ?"QCFHD�OdJ	BH?"@ QCD^M"BiOPp�D�G;Q�QCD0B�I�?"9CQC|�M"Bf<{M\O�:;?�n

Co
OP?sQ�D^M"B

OPp�Dv?"9�OPDeBzI�? 9�QC|�M"Bf< M\OT:;M"BH� D
Co

G;FTM"=e=0? @vA�M"QCG7D0| I�<(M}FHpCM"BHA(G;Q�=0BHD0M"FHD�G7Q OPpCD�=0BEG7OHG;=^M\:
n3M��"D Q�9C@LI!D0B

mc
6¥��pCDuACBH? 	�:;DeFs?"JzFfOjM\OHG;={=0? Q�|C9C=eOHG7�"DuOPDe@>A!D0BHM\OP9�BHD

Ts
� 	��"9CBHD W�675"5 �

FHp�?�n OHpCG;FTOPBHM"QCFHGoOPG7? Q�M\F�n�D0:;:�M"QC| OPpCDeBHDeJ	?"BHD"£1OPpCD�<�=0M"Q.I!Ds9CFED0|.OP?uACBHDe|CG;=�O�nipCDeBHDsOHpCD
=0?"Q��"D0=�OPG;?"Q(niG7:;:,FHD�OTG;Q 6T8�? BdM":;:,OPp�D�M"QCDe:NM"FfOPG;=�@>?2|CDe:;F0£�M"Q G7QC=0BED^M"FEG;QC� :o<{=0? Q 	CQCD0@vD0Q�OT?"J
OPp�Ds=0?"Q��"D0=�OPG;?"Q�¡�?�n�OP?uQ�M"BEBH?�n3DeB�BED0� G7? QCF0£�D0GoOPpCDeB�M\| �HM"=0DeQ�O�OP?{OPpCDvG;Q�QCD0BSI�?"9CQC|�M"Bf<R? B
OP?>OPpCD�? 9�OPDeBKI!? 9CQC|�M\BE< £�G;F�? ICFED0BE�"D0| niG7OHp � BE?�niG7QC�

Co
J	? :;:7?�n3De| I�< M"Q�G;QC=eBHD^M\FHD�?\J�OPpCD

n3M��"D�Q�9C@�I�DeBHF06

�"�



� ��� ���P����	'������� 	�
����*� ��� �����*���


 ��� � � ��
�� � �	��!�"���#	� "��	��� ! 
 ��
����	� ��
 ����� !�# "��	� 
 �����
��Q � W�6bW�6o5>n�D}=0? Q�FHG;|�D0BHDe|�OPp�D}~dM^�2G;DeBf�fy�OP?��\D0FLDeZ29CM\OPG7? Q �f5"6ba�x �SG7Q OPp�D}Y3? 9CFEFHG7QCD0FEZ :7G;@vG7O
?"JK=e? QCFfOjM"Q�O>|CD0QCFEG7O�< �	G&6 D"6

ρ̂ = 1
��M"Q�|%9CQ�|CD0B�OPpCDuM"FEFH9C@vA�OPG7? QCF�?"JdFEOHD^M"|�<�M\QC|%G7Q 	�QCG��

OPDeFHG;@>M":!@>?\OPG;?"QCF0£2M"QC|}G7Q���G7FH=eG;| M\QC|}pCG;�"pC:7<�BE?"OjM\OHG;QC�S¡�9CG7| £�OHpCDKD0Z�9�M�OPG;?"Q BHDe|C9C=0De|}OP?�OHpCD
� D0?"FEOPBE? ACpCG7=�I�M\:NM"QC=eD �*W�6ba
��nipCG7=jp :;De|%OP? OPpCD �1M^<2:;? B � ��BH? 9�|C@sM\Q�OHpCD0? BED0@ �&W�6 l �vM\J OPDeB
OjM ��G7QC��OPpCDT=09�BH:&6
��DeO19CF1J	? :7:;?�nROPpCD FPM"@vD FEOPDeACF¨9�QC|CD0B�OPpCD FPM\@>D M"FEFH9C@vA�OPG7? QCF,J	? B�M�¡�9�G;|TniG7OPp�M"QLM\BHICGoOPBPM\BE<
BHD�J	D0BHDeQC=0DS|CDeQCFHGoO�<

ρ̂(r)
6���p�D�� De? FEOHBH? A�pCG;=zI�M\:NM"QC=eDzG;F�� Go� DeQuI�<
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Co = 1.5

�	lC5 £o5�W"��£ l�W �
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=^M\FHD"£�OjM"I�:;D�l�6ba�J	? B>OPpCD =e? @vACBHDeFHFHG7IC:;D�@>?2|CD0:�c M"QC| OPM"IC:7D lC6 l�J	? BsOHpCD =0? @vACBED0FHFEG;IC:7D
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E = 3 × 10−4 M\QC| OHpCDsBHM"|CG;9�FSBHM\OPG7?uG7F
η = 0.35

6
��pCD���BPM"QC|�OP:�Q�9C@LI!D0B G;F

Pr = 1
G7Q�OHpCD�Y3? 9CFEFHG7QCD0FEZv=0M"FHD�M"QC|v@v?�|CDe:Cc�£2M"Q�|v�\M"BEG;D0F�J	BE? @

Pri = 1
M\OiOHpCD�G7QCQCDeB�I!? 9CQ�|�M"BE<}OH?

Pro = 0.22
£
Pro = 0.05

? B
Pro = 6.76 × 10−3 J	? B

Co = 1.5
£
Co = 3

M"QC|
Co = 5

BHDeFHA!D0=eOHG7�"D0:7<"6

Ra/Rac Ek (Em=0
tor /Ek) × 100 (Epol/Ek) × 100 Nu5 6o5�`

5.82 × 100 ��6bW W W �26b`�x 5 6b` W�5
5 6b�"`

2.90 × 101 a"lC6ma�5 5�x2675�V 5 6b` � `
W�6bW"`

6.74 × 101 l�V�6b�"` 5�W26X�"� 5 6b`"V��

W�6m� `
1.16 × 102 � ��6m��5 5�`�6ml�a 5 675�W W

a�6bW"a
1.64 × 102 � `�6mV�x V�6ba�5 5 6750l�`

lC6m` `
3.14 × 102 ����6 l�� x26X� W 5 675�x"a

��6m` `
5.08 × 102 �"lC6"� � 5�`�6ba � 5 6ba"`��

��6b�"`
1.16 × 103 x"`�6m`�5 V�675�� 5 6ml a��

x�6b�"`
1.73 × 103 x\lC6m` V x26 ��x 5 6ml � a

��6b�"`
2.40 × 103 x"��6ma a ��6 ��� 5 6X��l��

5�`�6m`
3.66 × 103 � `�6m� V ��6XW"� 5 6 �"��W

�1M"IC:;Dzl�6XW 
 ��G;@vD�� M^�"D0BPM\� D0|RACBH?"A�DeBEOPG7D0FTG;Q OHpCD�FH9CA!D0BE=0BHGoOPG7=^M":�BED0� G7@>D�J	? BzOPpCDvY3? 9�FHFHG7QCD0FEZ
=^M"FED�M\O

Pr = 1
M"QC|

E = 3 × 10−4 6
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Co Ra/Rac Ek (Em=0
tor /Ek) × 100 (Epol/Ek) × 100 Nu5 6m` 5 6o5�`

8.57 × 100 5�W�6mV ` W"V�6XW"a 5 6m`�5^l
5 6b� 5 6o5�`

9.02 × 100 5���6ma�x a�W26 ��W 5 6m`�5 5
5 6b�"`

5.04 × 101 l�a�6m` ` W�5"6ml�� 5 6m`"l�W
W�6bW"`

3.35 × 102 ��x�6bx W 5�W26ba V 5 6o5 5�V
W�6m� `

1.29 × 103 x ��6m� a ��6bV"l 5 6bW � `
a�6bW"a

2.38 × 103 x"V�6bW"` x26b��� 5 6ma�� V
lC6m` `

5.20 × 103 � a�6m` V ��6 � � 5 6b�"V�5
��6m` `

1.08 × 104 � a�6b� � ��6 ��x W�6m`�5 5
W�6m` 5 6o5�`

1.09 × 101 W"`�6ma V a a�6ba � 5 6m`�5�`
a�6m` 5 6o5�`

6.61 × 100 5�a�6m`�� l��26ba�W 5 6m`�5�`
5 6b�"`

1.94 × 102 � a�6"� ` 5���6bV�� 5 6m`�x"`
W�6bW"`

2.12 × 103 � `�6bx � ��6b� ` 5 6ma�5�W
W�6m� `

5.73 × 103 ��5 6 lC5 ��675�a 5 6bx"`�5
a�6bW"a

9.40 × 103 ��5 6"� ` ��675�W W�6m`�W W
lC6m` 5 6o5�`

5.16 × 100 ��6o5�x � W26b`�5 5 6m`�5��

��6m` 5 6o5�`
3.58 × 100 lC6m��5 �"V�675 5 5 6m`�W �

W�6bW"`
1.39 × 102 ��x�6mV ` 5�x26b�"l 5 6o5^l��

W�6m� `
7.28 × 102 � a�6bW"` 5���6Xx W 5 6b� � �

�¨M\IC:;DzlC6ma 
 ��G7@>D � M^� DeBPM"� De|%A�BH? A!D0BfOPG;DeF�G;Q OPpCD{FH9�A�DeBH=0BEG7OHG;=^M\:gBHDe� G;@vD J	? B�OPpCD[=0M"FHDuc M�O
Pr = 1

M"QC|
E = 3 × 10−4 6

Co Ra/Rac Ek (Em=0
tor /Ek) × 100 (Epol/Ek) × 100 Nu5 6b� 5 6o5�`

1.51 × 101 5���6mV�W a�W26XW"V 5 6m`�5�a
5 6b�"`

9.40 × 101 � W�6o5�x 5�x2675�� 5 6m`"l��
W�6bW"`

2.80 × 102 ����6ma�5 5�`�6bV � 5 6m` ���
lC6m` `

3.15 × 103 x"��6 l�� ��6 � V 5 6ma�W\l
��6m` `

5.63 × 103 ��W�6b� x x26ml�a 5 6 l�W �

��6b�"`
1.50 × 104 �"lC6bW W ��6 �"l 5 6bx W"a

a�6m` 5 6o5�`
2.84 × 101 W ��6bx � a ��6Xx � 5 6m`�5 5

W�6bW"`
7.39 × 102 x W�6bx"a 5�W26b` � 5 6m` ��W

lC6m` `
7.31 × 103 x"V�6ma�� V�6bV"l 5 6bW �"V

��6m` 5 6o5�`
5.44 × 101 a���6m`"l l�`�6XW � 5 6m` `�x

W�6bW"`
1.57 × 103 x W�6bx"� 5���6b`"l 5 6m`�� `

lC6m` `
1.61 × 104 ��x�6mV V 5^l�6 � a 5 6bW �"a

�¨M\IC:;DzlC6 l 
 ��G7@>D � M^� DeBPM"� De|�ACBE? A!D0BEOHG;DeF�G;Q OPpCD>FH9CA!D0BE=0BHGoOPG7=^M": BHDe� G;@vDvJ	?"BSOHpCD =^M\FHD}Y!�TM�O
E = 3 × 10−4 6

5^` a



� � � � � ��� � � � � � � 	 � � � ��� � � ��� � ���


	��� � ��� � !�� 
 ! #�� ��
�#������ ����
 #��
��pCDvZ�9�M":;GoOjM\OHG7�"D�M"FHA!D0=�OPFS?"J OPpCDv|�<2Q�M"@vG;=eFzG;Q OPpCDv=0?"@>ACBED0FEFHG;I�:;D�@v?�|CDe:;FzFEpC?�n M}ACBHD�J	D��
BHDeQC=0Di?"J�OHpCDg¡�?�n)OH?z=0? QC=eD0Q�OPBHM\OPDiG7Q�=0D0BfOjM"G7Q�BHD0�"G;? QCFe6¨��pCG7F�=^M"Q�I!DiMdJ	BPM"=�OPG7? Q�?"J�OPpCD�FEpCD0:7:
�2G;D�n3De| G;QuM"Q D0Z�9�M�OP? BEGNM":�=e9�OK? B�OPpCDSBHDe� G;?"Q�=0:7? FHDTOP?>OPpCDS? 9�OHD0BdI!? 9CQ�|�M"BE<uM\O�pCG7� pCD0B�:NM��
OPGoOP9C|�D0F�G;Q{M�@vD0BHG7|CG;?"Q�M":��2G;DenT6 ��pCDTICGoJ	9CBH=0M\OPG7? Q}FH=eD0Q�M\BHG;?�G7FgFHpC?"BEOPDeQCD0|uG;Q OHpCD
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FEA�M"=0D
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Ra
G;Q
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∂ρ

∂t
+

1

r2

∂

∂r
(r2ρur) +

1

r sin θ

∂

∂θ
(sin θρuθ) +

1

r sin θ

∂

∂ϕ
(ρuϕ) = 0

�	c�6o5 �

� ��� � ! � ��� ��� � "�
�� ��� � � ��!�"���
�#

r̂ : ρ
(∂ur

∂t
+ ur

∂ur

∂r
+

uθ

r

∂ur

∂θ
+

uϕ

r sin θ

∂ur

∂ϕ
− u2

θ

r
−

u2
ϕ

r

)
=

−∂p

∂r
− ρg + 2ρΩuϕ sin θ + Fr

�#c�6XW
�

θ̂ : ρ
(∂uθ

∂t
+ ur

∂uθ

∂r
+

uθ

r

∂uθ

∂θ
+

uϕ

r sin θ

∂uθ

∂ϕ
+

uruθ

r
−

u2
ϕ cot θ

r

)
=

−1

r

∂p

∂θ
+ 2ρΩuϕ cos θ + Fθ

�#c�6ba �

ϕ̂ : ρ
(∂uϕ

∂t
+ ur

∂uϕ

∂r
+

uθ

r

∂uϕ

∂θ
+

uϕ

r sin θ

∂uϕ

∂ϕ
+

uruϕ

r
+

uθuϕ cot θ

r

)
=

− 1

r sin θ

∂p

∂ϕ
− 2ρΩ(uθ cos θ + ur sin θ) + Fθ

�#c�6ml��
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Fr
£
Fθ

£
Fϕ
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Fr =
1

r2

∂

∂r
(r2τrr) +

1

r sin θ

∂

∂θ
(sin θτrθ) +

1

r sin θ

∂τrϕ

∂ϕ
− τθθ

r
− τϕϕ

r

Fθ =
1

r2

∂

∂r
(r2τrθ) +

1

r sin θ

∂

∂θ
(sin θτθθ) +

1

r sin θ

∂τθϕ

∂ϕ
+

τrθ

r
− cot θτϕϕ

r
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Fϕ =
1

r2

∂

∂r
(r2τrϕ) +

1

r sin θ

∂

∂θ
(sin θτθϕ) +

1

r sin θ

∂τϕϕ

∂ϕ
+

τrϕ

r
+

cot θτθϕ

r
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τij

M"BHDgOHpCDi=0? @vA!? QCD0Q�OHF�?"J�OHpCD�|CD���G;M\OP?"BHG;=3FEOPBED0FEF OHD0QCFE? B G;Q�FEACpCD0BEG;=0M":�=0?2? BH|�G;Q�M\OHD0Fe6
8�? B MS~�Den�OH? QCG;M"Q £�G;FE?"OPBE? ACG7=g¡�9CG;|�OHpCDiBHD0:;M\OPG7? Q�I!DeO�n�D0D0Qs|CDe�2GNM�OP? BEG;=�FEOHBHDeFHF OPD0Q�FH? B

τij
M"QC|

FEOHBPM"G7Q[BPM\OHDKOPD0Q�FH? B
eij

G7F

τij = 2µeij +
(
kB − 2

3
µ
)
(∇ · u)δij
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kB
G;F �2Q�?�niQ�M"FzIC9C:��u�2G;FE=0? FEG7O�<"6���pCD�IC9C: �{�2G;FH=e? FHGoO�< G7FTM[@vD^M\FH9CBED�?"J�OHpCD�|CG7FHFHG��
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kB
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∇ · u G7F�DeZ�9�M":�OP?

ekk
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τrr = 2µ(err − 1
3
∇ · u) τrθ = 2µerθ τrϕ = 2µerϕ

τθθ = 2µ(eθθ − 1
3
∇ · u) τθϕ = 2µeθϕ

τϕϕ = 2µ(eϕϕ − 1
3
∇ · u)

�	c�6bx �

nipCDeBHDTOPpCDT=0?"@>A!? QCDeQ�OHFi?"J
eij

D�]�ACBED0FHFED0| G7Q[FHACpCDeBHG7=^M":�=e?�? BE|CG;QCM\OPDeFiM"BHD

err =
∂ur

∂r
erθ =

r

2

∂

∂r
(
uθ

r
) +

1

2r

∂ur

∂θ
erϕ =

r

2

∂

∂r
(
uϕ

r
) +

1

2r sin θ

∂ur

∂ϕ

eθθ =
1

r

∂uθ

∂θ
+

ur

r
eθϕ =

sin θ

2r

∂

∂θ
(

uϕ

sin θ
) +

1

2r sin θ

∂uθ

∂ϕ

eϕϕ =
1

r sin θ

∂uϕ

∂ϕ
+

ur

r
+

uθ cot θ

r
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err = ∂ur
∂r

erθ = r
2

∂
∂r

(uθ
r ) + 1

2r
∂ur
∂θ

erϕ = r
2

∂
∂r

(
uϕ
r ) + 1

2r sin θ
∂ur
∂ϕ

eθθ = 1
r

∂uθ
∂θ

+ ur
r eθϕ = sin θ

2r
∂
∂θ

(
uϕ

sin θ
) + 1

2r sin θ
∂uθ
∂ϕ

eϕϕ = 1
r sin θ

∂uϕ

∂ϕ
+ ur

r + uθ cot θ
r
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D(∇µ, u, ∂u)
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Dr = 2
∂µ

∂r

(∂ur

∂r
− 1

3
(∇ · u)

)
+

1

r

∂µ

∂θ

(
r

∂

∂r

(uθ

r

)
+

1

r

∂ur

∂θ

)

+
1

r sin θ

∂µ

∂ϕ

(
r

∂

∂r

(uϕ

r

)
+

1

r sin θ

∂ur

∂ϕ

)

Dθ =
∂µ

∂r

(
r

∂

∂r

(uθ

r

)
+

1

r

∂ur

∂θ

)
+

2

r

∂µ

∂θ

(1

r

∂uθ

∂θ
+

ur

r
− 1

3
(∇ · u)

)

+
1

r sin θ

∂µ

∂ϕ

(sin θ

r

∂

∂θ

( uϕ

sin θ

)
+

1

r sin θ

∂uθ

∂ϕ
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Dϕ =
∂µ

∂r

(
r

∂

∂r

(uϕ

r

)
+

1

r sin θ

∂ur

∂ϕ

)
+

1

r

∂µ

∂θ

(sin θ

r

∂

∂θ

( uϕ

sin θ

)
+

1

r sin θ

∂uθ

∂φ

)

+
2

r sin θ

∂µ

∂ϕ

( 1

r sin θ

∂uϕ

∂ϕ
+

ur + uθcotθ

r
− 1

3
(∇ · u)

)

� ��
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ρCp
DT

Dt
− αT

Dp

Dt
=

1

r2

∂

∂r

(
kr2∂T

∂r

)
+

1

r2 sin θ

∂

∂θ

(
k sin θ

∂T

∂θ

)
+

1

r2(sin θ)2

∂

∂ϕ

(
k
∂T

∂ϕ

)
+ Φ,

�#c�675 5 �

nipCD0BED
D/Dt

G;FgOHpCDTFH9CICFfOjM"Q�OHG7� DTOPG7@>Dd|CD0BEG7�\M\OPGo� D

D

Dt
=

∂

∂t
+ ur

∂

∂r
+

uθ

r

∂

∂θ
+

uϕ

r sin θ

∂

∂ϕ
.
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��pCDT��G7FH=e? 9CFi|CG;FEFHG7A�M\OPG7? Q

Φ
G7F�� G7�"D0Q[I�<

Φ = τij
∂ui

∂xj

,
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Φ = 2µeijeij +
(
kB − 2

3
µ
)
(∇ · u)2.
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f̃
M"Q�|{OHpCD
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ρ(r, θ, ϕ, t) = ρ̃(r) + ρ′(r, θ, ϕ, t)
�*Yd6o5 �

p(r, θ, ϕ, t) = p̃(r) + p′(r, θ, ϕ, t)

T (r, θ, ϕ, t) = T̃o + T ′(r, θ, ϕ, t).
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ε−1/2 =0M"9CFHG7QC� ∂
∂t

∼ ε1/2 6
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u ∼ ε1/2 OPpCDeQ
ν̃ ∼ ε1/2 6Sy2G;QC=eD

µ̃ = ρ̃ν̃
OHpCD0Q

µ̃ ∼ ε1/2 6Ty�G7@>G7:NM"BiM"BE� 9C@vD0Q�OPFdpC? :;|{J	? B
κ̃M"QC|

k̃
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p′

FE=^M":7D0F�niG7OHp
ρ̃Ων̃

6
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ν ′
M\QC|

κ′
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�KBH|CDeBiG;Q
ε � 9�M"Q�OHG7OPG7D0F �KA�DeBPM\OH? BHF

ε0 ρ̃
£
p̃
£
g̃ ∇

£
∇· £ ∇×

ε1/2 u
£
µ̃
£
ν̃
£
k̃
£
κ̃
£
Ω

∂
∂t

ε ρ′
£
p′
£
T ′

£
g′

�

�1M"IC:;DTY�675 
 �KBE|CD0B�G;Q
ε
J	? B�M":;:�OHpCD0BE@>?2|�<2Q�M"@vG;=��\M"BEGNM"IC:7D0Fe£�¡�9�G;|�A�BH? A!D0BfOPG;DeF¨M\QC|L? A!D0BHM\OP? BEF

M\ACA�D0M"BHG7QC��G;Q}OHpCDzJ	9C:;:o<s=e? @>A�BHD0FEFHG7IC:;DKJ	? BE@sM\:;G;FE@u6
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 # 
 � � " ! "��
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�
n�D�? I�OjM"G7Q

p′︸︷︷︸
∼ε

= ρ̃R∗T̃o − p̃︸ ︷︷ ︸
= 0︸ ︷︷ ︸
∼ε0

+ ρ̃R∗T ′ + ρ′R∗T̃o︸ ︷︷ ︸
∼ε

+ ρ′R∗T ′

︸ ︷︷ ︸
ε2

.
�#Yd6bW �

hiD^M"BEBPM"QC�"G;QC�LOHpCD 	�BHFfOE��?"BH|CDeBiOHD0BE@>F �
ε1 ��n3DS? I�OPM"G;Q

p′

p̃
=

ρ′

ρ̃
+

T ′

T̃o

�#Yd6ma��

nipCG7=jpu=0M"Q�M\:;FH?�I!DzniBHGoOHOPDeQ�M\F

ρ = ρ̃(1 − α̃T ′ + χ̃T p′) = ρ̃ + ρ′ �#Yd6 l �

9CFEG;QC��OPpCM\OiJ	? BiM"Q[G;|CD0M": ��M\F
1/T̃o = α̃

M"QC|
1/p̃ = χ̃T
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∂ρ̃

∂t︸︷︷︸
= 0

+
∂ρ′

∂t︸︷︷︸
vanishes

+ ∇ · (ρ̃u)︸ ︷︷ ︸
∼ε1/2

+ ∇ · (ρ′u)︸ ︷︷ ︸
∼ε3/2

= 0,
�*Yd6b� �

nipCDeBHDTOPpCDT=0?"QC|CG7OHG;? Q}?\J1�\M"QCG7FHpCG7QC� ∂ρ′

∂t
G7F�G;@vA�?"FHD0|}OH? 	C:7OPDeB�? 9�O�M"=e? 9CFfOPG;=zn3M^� D0Fe6

��?�? �2G7QC�(=0:7? FHDe:7< £ ∂ρ′

∂t
∼ ε3/2 6%��pCG;F�G;FvM(=0? Q�FHD0Z�9CDeQC=0D�?"J � 5 6bW ����M"QC|�BHDe@>?�� DeFsFE? 9CQC|
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G;Q�FHG;FfO�OHp�M\O ∂ρ′

∂t
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ρ̃
∂u

∂t
+ ρ̃(u · ∇)u

︸ ︷︷ ︸
∼ε

+ ρ′∂u

∂t
+ ρ′(u · ∇)u

︸ ︷︷ ︸
∼ε2

= −∇p̃ + ρ̃g̃︸ ︷︷ ︸
= 0︸ ︷︷ ︸
∼ε0

−∇p′ + ρ′g̃ + ρ̃g′ − 2ρ̃Ω × u + Fa︸ ︷︷ ︸
∼ε

+ ρ′g′ − 2ρ′
Ω × u + F ′

︸ ︷︷ ︸
∼ε2

.
�#Yd6 � �

��pCDT��G7FH=e? 9CF�J	? BH=eD
F

� Go� DeQ{G7Q �f5 6 l �3G;F�FED0A�M\BPM\OHD0|�G7Q

Fa = ρ̃ν̃∇
2u +

1

3
ρ̃ν̃∇(∇ · u) +

d(ρ̃ν̃)

dr

[1
r
∇(rur) + r

∂

∂r

(u
r

)
− 2

3
(∇ · u)r̂

]
,

�#Yd6Xx
�
M"Fi� G7�"D0Q{G;Q � 5 6ba W ��£�M\QC|

F ′ = ρ′ν̃∇
2u +

1

3
ρ′ν̃∇(∇ · u) + D(∇(ρ′ν̃), u, ∂u)

�*Yd6m���
niG7OHp

D
�"G7� DeQ�G;Q �#c�675�` ��6���pCDiD ]�A�:;G;=eG7O�|�D0A!D0QC|CDeQC=0D�?"J!OPpCD�FHpCD0M"B��2G;FH=e? FHGoO�<

µ
? Qv|CD0QCFEG7O�<"£

G&6 D"6
µ = ρν

nipCDeBHD
ν
G;F�OPp�D ��G;Q�D0@>M\OPG7=i�2G7FH=0?"FHG7O�<"£�ngM"F3M":;BED^M"|�<�=0? QCFEG;|CDeBHDe|sG;Q

Fa

M"Q�|
F ′
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ρ̃Cp
∂T ′

∂t
+ ρ̃Cp u · ∇T ′

︸ ︷︷ ︸
ε3/2

+ ρ′Cp
∂T ′

∂t︸ ︷︷ ︸
ε5/2

− α̃(T̃o + T ′)u · ∇p̃︸ ︷︷ ︸
ε3/2

�#Yd6bV �

− α̃T̃o

(
∂p′

∂t
+ u · ∇p′

)

︸ ︷︷ ︸
ε3/2

− α̃T ′

(
∂p′

∂t
+ u · ∇p′

)

︸ ︷︷ ︸
ε5/2

= ∇(k̃
(
∇T ′)

)
︸ ︷︷ ︸

ε3/2

+ Φa︸︷︷︸
∼ε3/2

+ Φ′

︸︷︷︸
∼ε5/2

,

nipCD0BEDSOHpCDz�2G;FH=e? 9CFipCD0M\OPG7QC�
Φ

� Go� D0Q{G;Q �	c�6o5�a��3G7F�FED0A�M\BPM\OHD0|{G;Q

Φa = 2ρ̃ν̃eijeij +
2

3
ρ̃ν̃(∇ · u)2,

�*Y�675�` �
M"QC|

Φ′ = 2ρ′ν̃eijeij +
2

3
ρ′ν̃(∇ · u)2.

�*Y�675 5 �
��pCD>�2G7FH=0?"9CFLM"Q�|.M"|CG;M"I�M\OHG;=�pCD0M\OPG7QC� FSM"BED>QCDe� :;G7� G;I�:;DL=e? @>ACM"BHDe| OP?[OPp�D>?"OHpCD0BTOPDeBH@vF�G7Q
OPpCDz:7G;@vG7O�?"J

Γ → 0
£�? BgD0Z�9�M\:;:7<

Di → 0
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|CD0FE=0BEG;A�OHG;? Q.@>M �\D0FLOPp�G;F�A!? G7Q�O�De�2G;|�D0Q�O^6 ��FEG;QC�uOPpCD FEpCD0:7:�OHpCG;= ��QCDeFHF
d
M"FL:7D0QC�"OHp.FH=0M":;D\£

5"5��



� � � � � ��
 � � � � � � � �'� � � � � � ����� � ��� � � �(� � 
 � ��� � ��������� 
 � 


d2/ν̃o
M"FiOPG7@>DTFH=0M":;D\£!OHpCD�OHD0@vA�DeBPM\OH9CBHDS=0?"Q�OHBPM"FfO

∆T
I�D�O�n3DeD0Q OHpCD�G7QCQCD0B�M"QC|{OPpCD�? 9�OHD0B

I!? 9CQC|�M\BE<{M"F�OPDe@>A!D0BHM\OP9�BHDTFH=0M":;D\£
ρ̃o
£!M"Fi|CD0QCFEG7O�<[FE=^M":7D"£!M"QC|

ρ̂Ων̂
M\F�A�BHD0FEFH9CBED�FE=^M":7D"£�OPpCD

D0Z�9�M�OPG;?"Q{�"G7� DeQuG7Q �*Yd6mV���OP?�? BE|CD0B
ε3/2 G;F�� Go� DeQ{I�<

Prρ̂
(∂T ′

∂t
+ u · ∇T ′

)
+ Diρ̂(T̂o + T )ur −

DiPr

RaE

(∂p′

∂t
+ u · ∇p′

)

= ∇
(
k̂∇T

)
+

DiPr

Ra
Φa.
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Di → 0
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∇H · G = ∇ · G − 1

r2

∂

∂r
(r2Gr) =

1

r sin θ

( ∂

∂θ
(sin θGθ) +

∂Gϕ

∂ϕ

)
.
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∇ · u = −ur

ρ̂

dρ̂

dr
,

�&�d6bW �

∇H ·
(
ρ̂u
)

= − 1

r2

∂

∂r

(
r2ρ̂ur

)
,

�&�d6ma��
I�?\OPp{M"BHG7FHG7QC�LJ	BH? @�OPpCDT|CGo� D0BE� D0Q�=0D��&J	BHDeDS@>M"FEFf��¡C9�][=0?"QC|CG7OHG;? Q�£CM"QC|

(
∇2G

)
r

=
1

r2

∂2

∂r2

(
r2Gr

)
+

1

r2
L2Gr −

2

r
∇ · G �&�d6 l �

nipCD0BED L2 G;Fi� G7�"D0QuG;Q �f5 6b��5 � 6 ��pCD0Q
G = ρ̂u
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hρ =
1

ρ̂

dρ̂

dr
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ν̂
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(F v)r = −`(` + 1)

ρ̂r2

[
−∂2W

∂r2
+

1

3
hρ

∂W

∂r
+
[4
3

(1

r
hρ−h2

ρ+
1

ρ̂

d2ρ̂

dr2

)
+

`(` + 1)

r2

]]
W,
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∇H · (F v) =
`(` + 1)

ρ̂r2

[
− ∂3W

∂r3
+ hρ

∂2W

∂r2
+
[2
r
hρ − h2

ρ +
1

ρ̂

d2ρ̂

dr2
+

`(` + 1)

r2

]∂W

∂r

−
[2
3

1

r2
hρ +

2

r3

]
`(` + 1)W

]
,

�&�d6bx �

M"QC|
(
∇×F v

)
r

= −`(` + 1)

ρ̂r2

[
− ∂2Z

∂r2
+hρ

∂Z

∂r
+
(2

r
hρ −h2

ρ +
1

ρ̂

d2ρ̂

dr2
+

`(` + 1)

r2

)
Z

]
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(F v)r = −`(` + 1)

ρ̂2r2

[
− ∂2W

∂r2
+

7

3
hρ

∂W

∂r
+
[4
3

(
− 2

hρ

r
− 2h2

ρ +
1

ρ̂

d2ρ̂

dr2

)
+

`(` + 1)

r2

]]
W,

�&�d6mV��

∇H · (F v) =
`(` + 1)

ρ̂2r2

[
− ∂3W

∂r3
+ 2hρ

∂2W

∂r2
+
(
− 2h2

ρ +
1

ρ̂

d2ρ̂

dr2
+

`(` + 1)

r2

)∂W

∂r

+
(1

3

hρ

r2
− 2

r3

)
`(` + 1)W

]
,

�&�d6o5�`��

M"QC|
(
∇×F v

)
r

= −`(` + 1)

ρ̂2r2

[
− ∂2Z

∂r2
+2hρ

∂Z

∂r
+
(
− 2h2

ρ +
1

ρ̂

d2ρ̂

dr2
+

`(` + 1)

r2

)
Z

]
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E∗
k = 1

2Vs

∫
Vs

ρ̂u2dV
G;F�|CDeFH=eBHG;I!D0|uG;Q}FEA�De=eOPBHM":,FHA�M\=0DSM"F

2VsE
∗
k = 2Vs(E

∗
pol + E∗

tor) =
∑

`,m

`(` + 1)

∫ ro

ri

1

ρ̂

[
`(` + 1)

r2
|W m

` |2 +

∣∣∣∣
dW m

`

dr

∣∣∣∣
2]

dr

+
∑

`,m

`(` + 1)

∫ ro

ri

1

ρ̂
|Zm

` |2dr,
�&�d6o5�W �
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1
Vs

∫
Vs

ρ̂dV
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