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Abstract. Recenbbsenationsof the solar coronawith the LASCO coronagrapion boardthe SOHO
spacecrafhave revealkdthe occurrenceof triple helmetstreamer®ven during solarminimum,which
occasbnaly gounstbleandgiveriseto paricularly hugecoronaimassgjecions. Wepresentamethod
to calculate (sami-)analytically sdf-consistent staionary configurations of triple helmet streamers
which cansene asinputfor stability considerationanddynamicalcalculationsThemethods based
on anasympbtic expanson procedue using the elongaed structure of the streames. The method
is very flexible and canbe usedin both Cartesianandspherical geomety. We discussthe effects of
magnetic shear, gravity and field-aligned flow on open field lines. Example sdutions illu straing the
influenceof eachof thesefeatireson the solution structure arepresenéd.

1. Introduction

Recenbbsevationsof the coronawith the LASCO coronagaph(Schwenretal.,
1997)on boad the SOHO spaceaaft showedthatthe coronacanbe highly struc-
tured even during the solar acivity minimum. The obsevationsreveakd a triple
structure of thestreameibel which existedfor several consecuvedays.Theobser
vationsfurthershowedthattheseriple structuresoccasonaly go unsgble leading
to aseemngly new andextraordinaiily hugekind of coronalmassejecion (global
CMEs) Natural quesitonsarising from theseobsevationsare wheter the helmet
streametriple structureisdirectly connecedwith orresponshlefor theoccurence
of global CMEs, andwhatis the physical mechansm of their formaton. Theaim
of this paperis to provideafirst step towardsa beter theoetcal undestanding of
thesephenomena.

The structure of helmet streamers and their stability has been studied both
obsevationaly andtheoeticaly for alongtime (e.g.,PneumarandKopp,1971;
Cupeman,Ofman,and Dryer, 1990;Cupemanetal., 1992,1995;Koutchmyand
Livshits, 1992;Wang etal., 1993;Wu, Guo,andWang,1995;Hundhausen] 995;
BavassanoWoo, andBruno,1997)

A natural association seems to exist between helmet streamer stability and
coronalmassgjecions(CMEs)andsometimesCMEsare acconpanied by erupting
prominencesor filamens. Coronal streames are also thoughtto be the source
regionsof the slow solarwind andtheacivity processediscussedbove maywell
contibute to this componenof the solarwind.
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Multiple streamer structures have already been observed before SOHO, however
mainly during themaximumphaseof the solaracivity cycle.Also,obsewvationsof
the helio spheric plasma sheet seem to indicate amultiple current sheet substructure
of theplasmasheet itself (Crooker etal., 1993;Woo etal., 1995)whichhasinitiated
several theoretical investigations of the stability of multiple current sheets (Otto
andBirk, 1992;Yan etal., 1994;Dahlburg andKampen,1995;Birk andOtto, 1997;
Birk, Konz,and Otto, 1997;Wang, Liu, andZheng,1997)

The aim of this work is to present a ssimple method by which triple helmet
streanerstructurescanbecalculated self-consitently. We wantto keepthe method
simple enoughso that we canobtain largely analtical results without rendeing
ourmodebtoo unreaistic. Sincethe obseved structures seemto bequite elongaed
(the radial magneit field components consderably larger than the longitudinal
magneic field component we can empby a method which has already been
applied very successfully to the equilibrium structure of the magnetotail of the
Earth (Schindler, 1972;Birn, Sommer andSchindler, 1975) Themethodis based
onanasympotic expanson.Herewe generalizethis methodand show how it canbe
applied to find solutions with internal multiple structures. Obvious generalizations
of the original magnebspherc versions to solar applicaions are the useof a
more suitable coordinake sysem (spheical rather than Cartesin), theinclusion of
magneic sheayof thesolar gravity field for largescale structuresand of plagnaflow
onopenfield lines.For reason®f mathematical simplicity andsincewe only deal
with the subcritical part of the flow, we confine the discussion to incompressible
flow. Our models provide a flexible quantitative description of structured helmet
streames. They canalsobeusedasthe starting configurationsfor future studiesof
the dynamtal evolution of suchstructures.

The outline of the paper is asfollows. In Section 2 we present the mathemétical
bass of themethod.Secton 3 continsrepresendtive results obtainedby applying
the method undervarious set of assumpbns. In Secion 4 we summaize the
paper give adiscusson of our results andan outitook on future work.

2. Mathematical Formulation

2.1. BASIC EQUATIONS

We usethe equatonsof stational ideal magnebhydiodynamesto descibe the
coronalplasma:

1
—VP—l—M—(VXB)XB—pV\I/:pv-Vv, (@)
0

E+vxB=0, 3
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V-B=0, (4)
P = pRT . ©)

Here, P standsfor the plasmapressue, B for the magneit field, p for the plasma
densty, ¥ for the solar gravitational potential, v for the plasma velocity, E for

the electic field, R is the gas constant, T' the temperature and ;o the vacuum
permeability Dueto thehigh conductvity of thecoronalplasmathemagnetidield

is frozen into it (Equation (3)) and we can make the assumption that the observed

plagna featuresoutline the magneticfield structure. Throughoutthe req of the
papemwe make thefollowing assumpbns:

— Thestreanerstructureisvetry extendedn azimuth andvariesonly very slowly
along this directon (this assumpgbn is suppoted by the obsevations(Schwenn
etal., 1997)which showedthatthe triple structure existed for several days) we
canthendescibethe structure asappioximatly two-dimensonalin the senseof
rotational invariance.

— Thestreames are elongaed in the radial direcion and the radial magnetc
field components consgderablystrongerthanthelatitudinalcomponentthisisthe
bast assumpiton allowing usto apply an asympbtic expanson procedue.

— If flowisincluded,tispurely field-alignedand confinedo theopenfield line
region;sincewe descibeonly thelow-lying parts of the streamesstructure, the flow
velocitiesshouldbe subcritical,andwewill thereforeonly consderincompresible
flow.

— For simplicity, we consider only isothermd equilibria; in principle, other
tempemture structures or even theinclusion of an energy equaton into thescheme
ispossble.

In the following, we nomalize the magneic field by a typical value By, the
plasmapressue p by B3/ o (Where p = 1 is the maximumvalue of p), the mass
densty p by B3/uoRT, thelength L by a solar radius andthe current densty by

Jy = Bo/po L.
2.2. METHOD

To demongtate the method we first use a two-dimensbnal Cartesian geomety

with no spatial variation in the y-direction (0/0y = 0) andassunestatc structures

(v = 0) withoutmagneic shearB, = 0). In othergeometiesthe bast propeties

of the method stay similar thoughthe details mayvary dueto the geomety.
Writing the magnetic field as

B(z,z) = VA(z,2) x ey (6)
we find from Equaton (1) that the flux funcion A hasto obey the equaton (e.g.,
Low, 1975,1980;Birn, Goldskin, and Schindler, 1978;Birn andSchindler, 1981)

0

—AA= 94 (P(A, D)) . ()
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With the assunption of a consént temperature and becausel = ¥(z) in
Cartesin geonetry we get

P(A,0) = P(A,2) = k() p(4) ©)

with k(z) = exp(—(¥(z) — ¥ (0))/RT). For slow variation of ¥(z) with heightz
onecanneglectgravity andonefindsk(z) = 1.

If we assumehat the magnetc field pempendcular to the phoosphee (B, in
the Cartesian geomety) is much larger thanthe patallel component(B,, in the
Cartesian geomety), or in other words, that streames are rather elongated in the
radial direcion, we canusethe method of asympbtic expanson and appl it to
Equaton (7). Mathemaically stretched configuratons are chamackrized by the
ordeling

8_01 B,=0(1 8_0 1= B, =0 9

or (1) = B, =0(1), 07 () 1= B;=0(e) . )
If we neglectterms of the ordere? in Equaton (7) we obtain after oneintegration
with respect to

22— 20— pl4) (10)

wherepg = po(z) is anintegraton consent (total pressue on the z-axis), which
dependgarameticaly on z. We solve this differential equation by separation
(Birn, SommeyandSchindler, 1975)

vy — /A dA
Ao 1/2 (po — p(A)) 7

andfix theconsent Ag = A(zp) sothatp(Aog) = po.

Unfortunatly it is impossble to derive the pressue funcion p(A) directly
from the obsevations presenty available. We will therefore choosep(A) by a
compiomisebetveenphystcal reasormg and mathematcal simplicity. We do not
choosepressue funcionswhich have too simple adependencen A like p(A) ~
constnt, A or A2 becausesolutions of this type are a) known to be lineaty
stable andb) have alreadybeendiscussedn Wiegelmann(1997) A popublrand
corvenient choice is p(A) ~ exp(cA) becausdt corespondsto the physcal
asumptionthatthe plagnais in local thermodynamicequilibrium andit hasthe
mathematical advantagethatonecanfind analytical solutions.Using

p(A) = kexp(cA) , (12)
wherek may be a nction of z andc may be postive or negaive, we get from

Equaton (11):
} + % log (%) . (13)

Az, z) = —% log {Cosh{c\/?(w — z0)

(11)
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Thecomponerd of themagneic field are thengivenby

B, = % = —\/2pptanh (c\/%(x - xo)> , (14)

oA oaops oAk a5
0z  Opg 0z Ok 0z

B, =
We remak thatonecannotevaluae 0 A/dpg andd A/ 0k in Equaton (12) directly
becausén genedl zo depend®npy(z) andk(z) aswell. The plasma pressure can
beobtainedfrom Equaion (12),

_ Po : 16
P cost(\/Be(x — o)) (19

andthecurentdensty j, from j, = dp/0A:

) poc
Jy=cp= 0 . a7

cosit ( Zgc(ac - :Jco)>

2.3. TRIPLESTRUCTURES

Themethodjustoutlinedhasbeenappliedvery successfullyto calculatehestruc-
ture of the Earth’smagnestail (Birn, SommeyandSchindler, 1975;Schindlerund
Birn, 1982;Wiegelmannand Schindler, 1995) However, since we want to apply
this method to describe multiple streamer structures a few details of the method
have to be changedthoughthe basic appoachstaysthe same.

In an arcade structure the direction of the B, componenbdf the magneic field
changests sign asone crosseghe cente of the arcade.ln atriple structure, one
will therefore encounerthree suchchangess onemaoves aciossthestructure.ln a
stretchedconfiguration descibedby the asympbtic expanson procedue, the only
possibility to achieve this is for the current density j, to changets sign betveen
the streamers, or, in other words, in the central streamer the current flows in the
opposie direcion with respectto the two outer streames. In terms of the sign of
B, thismeanghatin orderto pasethethree arcadesoninuousy togeher, theB,
componenin the cental streamerhasto changejust in the opposte sensedo the
outer two strearrers.

Sincethe current densty j, is direcly linked to the plasmapressue by the
relation j, = 0P/0A, thisimplies thatthe deiivative of the pressue with respect
to the flux function A hasto changeits sign, too. We can therefore not usea
single exponential funcion to modelthepressue becauséhe exponental funcion
andits deiivative have no zem. The simplestalternative is that we use different
pressue funcionsfor themiddle (p1(A) say)andfor the outer streaners (pa(A)).
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In principle, we could also usea different pressue funcion for eachof the three
strearers, but sincewe do notwant to make the modeltoo conplicaedwe assune
the structure to be mirror symmetric with respect to the z-axis for smplicity.

Duetothedifferentpressuefuncionsoursolution will havetwo sepaatrix field
lineschamacerizedby A = A, which sepaatetheregionsof differentpressuefrom
eachother Thesesepaatriceshaveto becalculated self-consstently togeherwith
the solution but dueto our symmety assumpiton we only have to calculate oneof
thosesepaatix field lines.In the asympobtic expanson procedue thelocation of
the sepaatrix field line will begiven by zsqy = f(2) wheref only varies weakly
with z.

If werequireasmooth transition of magnetic field acrossthe separatrix fromthe
outer to the innerstreameythe pressue funcionsmustbe coninuous.Theefore
we choose

p1(A) = krexp(—c14) (18)
for themiddle strearrerand
p2(A) = k2 exp(c2A) (19)

for the outer streaners, while the coeflicients k1, k2, ¢c; andc, (c1,c; > 0) are
related by

ko = k1 exp(—(cl + Cz)As) (20)

on the sepantrix labekdby A = A,. This choice hasthe consequencthat the
current densty j, hasa discontnuity atthe sepaatrix. We remark, however, that
the absolte valueof j, isonly rathersmal atthe sepaatrix and only changegrom
a smdl negative to a smal positive value and therefore the discontinuity of the
cument densty shoutl notinfluencethe solution structure very much.

We choosery = 0 to putthe cente of the middle streameron the z-axis. To
calculate the sepaatrix betweenthe middle and oneof the outer streaners we use
Equation (11) with the form of p(A) inside the middle streamer to obtain

Tsep = lgiarctanh<\/(po — k1 EXp(_clAs)> . (21)
boc1 po

Note that both pg andk; may dependwveakly on z.

If we cal thecente of theouter streamner zgy, we cancalculate this cental field
linerelative to the separatrix field line again with Equation (11), but this time using
p2(A) and setting zo = zo2:

02 = Tsqp + || pioc—lzarctanh<\/ (po — kzpeoxp(czAs)> . 22)
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Figure 1. Thispictureillustraestheright side of our configuration (the left-hand side can be derived
from thesymmety assumpiton). Thedashed——) line correspondso the sepaatrix zse z) betveen
the streamers, the dotted (- - -) line correspondsto the cener of the outer streamerzoz(z) andthe
dashdotted (— -) line correspondgo the outer sepagtrix zou(z).

If onetakes into consderaton thatp;(As) = p2(As) andEquaton (21) onefinds:

o2 = arCtanh<\/(po —k eXp(_ClAs)> \/Z <i + i) =
po bo \c1 ¢
= arctanh<\/(p0 — ke exD(CZAS)) \/z (i + i) : (23)
bo bo\c1 2

A sketch of thewhole structureis shavn in Figure 1.

Wecannow cakulate A, B., B, p andj, asfuncionsof 2 andz from Equatons
(13)—(17)andby usingthesymmetrypropertiesof thes quantitiesAs aninputwe
needhetotal pressuepo(z) whichisthesanein all threestreaners, the parameters
c1, co andk, andko. If gravitation isincluded k; andk, may dependveakly onz,
but could be different if we allow different temperatures inside the streamers.

2.4. INCLUSION OF FLOW

Themethod as outlined so far negectsthat coronal streamersare the sourceregons
of the low solarwind. It isanopenquesion if a statonary slow solar wind com-
ponentexists or whetherthe slow solar wind istheresult of mary smal eruptions.
Recentobsevations(Schwennandlnheser, 1997, private communicaion) seem
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to favour the second alternative. If that is true, a steady state model providing the
start configuration for atime-dependentompuation of theeruption processneed
not includethe flow, at leastnot nearthe symmetry plane. Neverthelesswe want
to shov how a stationaly plasmaflow canbe includedin our model It may be
relevantfor theopenfield regionsatlarger distancesrom theeclptic, to whichwe
confinethe flow.

Theinclusion of plasméflow into theasympotic expanson procedue hasbeen
cariedoutfor bothincompessble (Gebhadt, 1989;Birn, 1991)andcompiessble
flow (Birn, 1992; Young and Hameiri, 1992). There are threecritical pointsin
the solar wind: the slow magnebsont point v,, the Alfvén point v4 andthe fast
magnebsoni point v with v, < va < vy for thecoronalplasma.lf oneassumes
that the flow velocity at the basis of the corona is less than v, the solar wind
hasto pass throughall the critical points Birn (1992)showedthatin stretched
configuationsthe total pressue funcion po(z) is related to the flow velocity. For
v < v, the flow velocity deceasesvith deceasig po(z) andfor v > v, the flow
velocity increaseswith deceasing po(z). As it is necessar that po(z) decease
with respect to z to get closedarcadestructures, the solar wind velocity shoud
have a minimum at the helmetstreamercusp.Thisresut is of courseonly valid if
a stationary slow solar wind exists. The assumption of incompressible flow in the
solar wind, however, cannotbejustifiedin a strict sensepecausgenesly gravity
isnotnegligible. Sinceinthepaperourmainenphassisplacedonclosdstuctures
withoutdirecied flow, this modelassumpion doesnot influenceour conclusions
significanty. (Infact al ourexplicit examplesare structureswithoutflow.) Wenote
that the above-mentioned variation of the solar wind velocity remains qualitatively
valid, if oneneglecst gravity andassumesncompessble flow. We will assume
that the flow is purely field-alignedand sincewe will not extend our solution to
thefirst critical point, we will for simplicity make the assumption of the flow being
incompeessble and subAlfvénic.

We mention that, as a useful nice property, such stationary solutions with flow
can be directly calculated by transformation from static solutions (Gebhardt and
Kiessing, 1992) Here we follow the appioachdevelopedin Birn (1991) Equa-
tion (10) is then substituted by

04 _ | [2(po—p(4))
or 1- MZ(A)

whereMpa(A) is the Alfvén Machnumber definedby Ma = v/va, Where va =
B/./mop is the Alfvénvelocity. Note thatfor incompessble flow both the Alfvéen
Machnumberand the plasmadensty are consent alongopenfield lines.

To extend the method outlined so far to include flow on openfield lines, we have
to define a second separatrix field line A, betveenthe regionsof openand closed
magneic flux. Sincethereshal benoflow intheclosel field lineregions wechoos
Ma(A) = 0 on the left-hand side of the separatrix and 0 < Ma(A) < 1 (sub-
Alfv énic flow) ontherighthandof thesepaatrix. Inthe special case M = consant

(24)
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wefind with Equaton (24)thatonecaneasly includeincompessblesub-Alfvénic
plasmaflow (Ma < 1), if we replacethe tem (z — z) in the static theory by

(z —1z0)/1/1 — MZ. Thelocation of the separatrix field line A, could be calulated
by a similar procedue as theinnersepaatrix, but it is more convenientto choose
it to be at the same distance from the cente of the outer streaner asthe inner
separatrix so that we have a symmeric situation again and one finds A, = A,.
We remarkthatthis conditionis necessarnf oneinvestigatesonfigurationsvith a
cuspstructure.Onecanthencalculate the shapeof the sepaatrix definedby zout(2)
simply from zou(2) = 2202(2) — zse(2) (see Figure 1 for illu stration).

2.5. INCLUSION OF MAGNETIC SHEAR

It is possible to extend our method and include magnetic shear writing B as

B(z,z) = VA(z,2) x ey + By(z,2)ey . (25)
Using they componenbf Equaton (1) onefinds B, = By (A(z, z)) andinsead
of (7) we get

—AA = (TI(A,T)) (26)

9

0A

with

BZ(A)
2

II(A, V) =1I(A, 2) = k(2)p(A) +

Using themethod of asympbtic expanson we get

(27)

$_$O_/\/2Po ))‘

Weremark thatthe reasorfor magneic sheasshoutl be adisplacenentof magnetc
foot points and that only closedfield lineswill be sheaed.We assumeB, (A) ~
exp(dA) for mathemaical simplicity. In geneal we cannotsolve Equaton (27)
anayticaly. Thisisonly possble if we choosethe specal cased = ¢/2 which we
will do to illu strate the effect of magnetic shear. Then we get

TI(A, 2) = (k(z) + %) exp(cA) (28)

and we can easily include magnetic shear by substituting k(z) by k(z) + A/2 in
Equaton (13). It is possble to investgate other values(c # 2d) numeicaly, but
onecanseethemain effectof magnetc shearalreadyin this specal case.

We calculate triple structures anabgousy to the method without shearand
substitute p(A, z) by II(A, z). We have to consder shearonly on closedfield
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lines. We use II1(A) = (k(z) + A/2)exp(—c14) in the middle streamer,
II5(A) = exp(—(c1 + ¢2)As) (k(2) + A/2) exp(cz24) in the outer streaners and
II3(A) = exp(—(c1 + c2)As)k(z) exp(c2A) on openfield lines. Thusthere is a
jumpin IT andacomrespondingjumpin the magneic field atthe bounday betveen
outer strearrers and openfield linesandconsequeny thereis athin curent sheet
Unlike the calculationson closedfield linesonecannoftfix I13(Ap) = po. Insiead
of (11) onehasto use

(29)

w_x:/A da
"7 ) V2l -TR(A)

whereA, isthe valueof the lastclosedfield line (bounday field line betweenopen
andclosedregions) Onefinds A, = A, for configurationswith cuspstructure.

We remark that violating the condition II;(As) = II»(As) could still make
senseFor exampk, onecould use P1(A,) = Pa2(A;) but By1(A,) # Bya(As).
Of course this mismatch in the value of II would have to be compensatd by a
comesponding mismath in B, andthis would leadto addtional current shees
betveenthe middle and the outer streames.

2.6. SPHERICAL COORDNATES

Inthis subsedbnweformulate the methodin sphercalcoodinags(r, 6, ¢), which
are more reaistic to descrbe the solar coronaon scakscomparable to or larger
thana solar radius. We assumestatic (v = 0) configuatonsanddo not consder
spatial variation in the ¢-direction (9/9¢ = 0). Thuswe canpresenthe magneic
field as:

1 ¢
Br = asnaon

1 0¢
By = ———= 30
’ rsind or’ (30)
B¢:B¢(r,0)

Here¢ is the flux funcion in spheical coodinakes. We remaik thatin sphercal
coodinates the flux funcion is not idenical with a componentof the magneic
vecor potenia. Onefinds{ = rsin(f) A,, where A is the ¢-componenbf the
vecor potenia A. Wefindfrom (1) that{(r, @) hasto obey theequaton

9% sinf o [ 1 o o .o OP(£,T)  19%()
aﬂ?%@m@ S0 "2 ae

wheref (£) = r sinf By is constant on field lines. With theassumption of aconstant
temperature and becaus& = U (r) onefinds:

P&, W) = k(r)p(£) (32)

(31)
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with k(r) = exp(—(¥(r) — ¥(0))/RT).

We assumehatthe magneic field pempendcular to the phobsphee B, is much
largerthanthe parallel componentB,. For simplicity we do not consier magneic
sheamhere (B4 = 0). Stretchedconfiguationsare characerizedby

%%:O(l):Br:O(l), %%_0( )< 1= By=0(c) .
This appoximaion is valid for configuratonscloseto the equabrial plane(d =
7/2) andr?po(r) hasto vary only slowly with respect to r. The second condition
limits the outer bounday of our modelcoronato afew solar radi. As the obseved
configuations are indeedconcentated nearthe equabrial planeand the closed
streamerfield lines seemto be radially boundedto a few (about2 — 4) solar
radii, our asympbtic modelshould descibe theseconfiguationsappioximaely
correcty.

If we neglectterms of the order 2 in Equaton (31) we obtain after oneinteg-
ration with respect to 0:

26— p2sin(0)y2(polr) — K(Ip(E)) (33)

We use(anabgousto our calculationsin Cartesan geomety) p(¢) = exp(c£) and
solvethis differential equaton by sepaation. Insteadof (13) we get

log(po(r)) — log(k(r) — 2|09(COSWC\/7° ? (cog6) — cog6o)))

C

f(’l“, 9) =

(34)

We remark that one cannotfind a onedimensbnal solution of Equaion (31)
with £ = £(0) asin Cartesan geonetry. Thusno anabgy to the Harris sheetin
Cartesian geomety existsin spheiical coodinaes.

To calkulate triple structures in sphercal geonety one uses a
similar procedue as that descibed for Caresian geomety. We choose
0o = /2 = sinfy = 0O to put the cente of the middle streaner and calculate
the sepaatix field line analogousto (21) andget

cogfsq) = rz\/ZEarctanh<\/(po — k1 exp(—clAs)> . (35)
poci PO

If we cal thecener of the outer streaner 6y, we getanalogousto our calculations
in Cartesian geometry

cog6o2) r2 3 (i + C_t) arctanh<\/(p° — k1 exp(—clAs)> _

po

_ 2 ]2 (i + i) arctanh<\/(p0 k2 exD(_cZAS)) . (36)
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Tablel
Parameter setsused to cal culate the solutions presented
inFigure 2
Sdution  s; 82 S3 c1 c2 A,
a 08 04 02 150 150 01
b 08 04 02 150 150 0.08
c 08 04 02 200 200 012
d 08 04 02 100 300 012
e 08 04 02 300 120 0.04
f 08 12 02 150 150 012

The quantities¢, B;, By, p, j, canthenbecalculated as funcionsof » andd in the
usualway.

3. Resuls
3.1. STATIC SOLUTIONSIN CARTESIAN GEOMETRY WITHOUT GRAVITATION

We first give a few exanplesfor triple streamers calculated with our model to
illu strate the influence of the different functions and parameters on the structure of
the solutions. To calculate a solution we have to specfy the funcionspg(z) and
k1(z) andthe patameerscy, c; and A;. In thefirstexanpleswe neglectthe effect
of plasmaflow and of the solar gravitation which gives k1(z) = 1. Our solutions
are confinedwithin theboundairesz = —0.5...0.5andz = 0. .. 5 correspondig
to one solar radiusin the x direcion and five solarradii in the z direcion. We use
symmetry with respect to the z axis.

We prescribethetotal pressureby po(z) = s1€Xp(—s22z) + s3. Withinourmodel
A(z, z) depend®nly parameticaly on z by po(z) andso the exactform of po(z)
hasnot too muchinfluenceon the configuation as long asits geneal propeties
are similar. Oneimpottant propety of po(z) is thatit hasto be a monobnicaly
deceasing funcion of z to obfain singly connecedclosedfield line regions.Phys-
ically one canidentify thetotal pressure on the z-axiswith the sum of the magnetic
pressue B?/2 on openfield linesoutsidethe helmetstreamerandahomogeneous
plasmapressue of the solarwind.

In Figure 2 we show field line plots of six solutions calculated for different sets
of parameters which are summaized in Table I. In Figures 2(a—c) we investigate
the influence of the location of the separatrix field line on the solution structure,
whereaspy is kept fixedandthe parameters ¢; andc; are fixed to a value of 15.0
in (&), and (b) wheraswe usedc; = ¢ = 20.0 in (c) which leadsto thinner
configuatons. In thesecasesall three streaners have exacly the same width,
thoughthe width itself varies. In Figure 2(a) the sepaatrix is a straightline giving
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Figure 2. Magneic field lines(contour plot of A(z, z)) for triple helmet streamers (see text).

rise to parallel streamers. In Figure 2(b) the separatrix has been moved closer to
the cente of thestructure and the threestrearers corverge, whereasin Figure 2(c)
the sepaatrix hasbeenmoved further out giving riseto diverging streaners.

In Figure 2(d) we have decreasedhe value of ¢; to 10.0 and increasedhe
value of ¢, t0 30.0. Alsothe valuefor A, hasbeenincreasedTheeffectis thatthe
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Tablell
Parameter setsused to cal culatethe solutions presented in Figure 3
Sdution a b n Zeusp  C1 c2 A
a 08 02 30 40 150 150 0.1073
b 08 02 40 40 100 250 0.1609
c 08 02 60 40 250 120 0.0644

cental streaner now contains more magnetc flux thanthe outer streaners andis
widerin the z-direcion. In Figure 2(e) this effecthasbeenreversedby making c,»
smaller than c;. It isobviousthatnow theouter steames are widerthanthecental
streaner.

Finaly, in Figure 2(f) we have variedthe total pressue po(z) by increasng the
pamameter s, to 1.2, resulting in a faster decrease of pg with z. One noticesthat
the closedfield line regions(which we definehere loosey as thosefield linesnot
crosshgthe upperbounday) have shrunk,andthatthewhole structure hasamuch
slimmer appeaancefor large z.

In anext step we useour modelto descibe helmetstreameiconfiguationswith
acusp.Up to now we have notgiven aradial bounday of the closedmagneic field
lines.Now we definesuchapointatz = 0, z = zcugp Which definesthelastclosed
field line.

We useas afuncion for the total pressue:

n

Z —Z

al =221 +p for z < Zeug
Zcusp

po(z) = (37)

b for z> zug.

Field line plots for three different sets of parameters are shavn in Figure 3. The
pamameter sets usedare listed in Table 1. It canbeseenthatthe effectof changing
the parameters c; andc; staysthesameasin the casewithoutacusp.An increaseof
theexponent: leadgo astrongerdecreasef po(z) asthe cusppointisappioached
from below andthis leadsto a shapercuspstructure.

Theseexamplesillu strate the flexibility of our model. Onecan describedifferent
typesof triple helmet streaners by specfying the free parameters in the genesl
solutions.

3.2. STATIC SOLUTIONSIN CARTESIAN GEOMETRY INCLUDING MAGNETIC SHEAR
AND GRAVITATION

In this section we investigate the influence of the solar gravitational field on the
structureof thesolutions Thoughwe arestill calculatingn Cartesangeometrywe
will nottake the gravitationalforceto be consant, asis usualy donein Catesan
geomety if the lengh scale underconsderation is much smaler than a solar
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b) c)

Figure 3. Magneic field lines(contour plot of A(z, z)) for triple helmet streamers with cusp (see
text for discusson).

radius(e.g.,Zwingmannl987;Plat and Neukirch 1994) but we will usethemore
appopriate potenia ¥ = ¥(z) = —GM;/z + R;. Together with the assumption
of consant temperiture we get

b =em (— ) op () - (38)

whered isthe constnt of gravitation, M, the solar mass, R, the solarradiusand
| = GM/RT. Underthe assumpbn of a pure hydrogenplasmaand a constant
temperature of 3 x 1P K, onefindsl ~ 7.5 correspondngto 7.5 R,. Onedifficulty
of the method in Cartesian geometry is that k(z) must deceasemore slowly with
respectto z than po(z), becausethemwise one cannotfind arcadetype solutions.
This is difficult to achieve with a redlistic value of [, but sincewe only wantto
investigatethe qualitative effect of gravitation on the solution, we use the unrealistic
but mathematically more convenient value! = 2.5. We remark that this problem is
alleviatedin sphercal geonetry, whichis more realstic anyway (seeSecton 3.3).

The inclusion of shearonly makes senseon closedfield lines.As we have a
well definedbounday betweenopenand closedregionsonly in solutions with
cuspstructure, we only investgate suchconfiguatonshete. In Figure 4 wefix the
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Figure 4. Magneic field lines (contour plot of A(z, z)) for triple helmet streamers. In (b) and

(c) we included magnetic shear and in the lower pictures we additionally investigated the effect of
gravitation.

parameters c; = cp = 25.0, z¢y5p = 4.0, = 0.8,n = 4.0,b = 0.2 and usefor the

total pressure;
A Zeup — 2\
(k(z) + —) a <&> +b

A

for 2z < zeugp,

po(z) = (39)
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Figure 5. The main magneitc field componentB. (z) without (A = 0) and with (A = 10) shear:
(a) below the cusp (= = 1.0); (b) above the cusp(z = 4.5).

Thefacor (k(z) + A/2) canbeusedto fix the normal componenbf the magneic
field atthe solar surface which we could useasa boundarycondition.

The main effect of magnetic shear is that there is a jump in the magnetic field
and consequety a thin current sheetbetwveenthe closedand openfield lines.
Indicaionsof sucha current sheetre also foundin recentobsevations(Schwenn
etal., 1997) In Figure 5(a) we plot B, asafuncion of z atthe heightz = 1 for
the same parameters asin Figures4(a) and4(c).

If we do notincludesheaythe structure above the helmet streaner cuspz >
Zeuwsp DECOMESQUiVAlent to a Haris sheet and B, goessmoohly throughzero
in the cener of the configuaton. The inclusion of shearon closedfield lines
leads to a jump in B, from a positive to a negative value in the center of the
whole configuration (seeFigure 5(b)). This causesa thin curent sheetwhichis
more pronouncedthan the current sheetat the outer bounday of the streamer
configuation below the cusp. This current sheetcorespondsto the heliospheic
current sheet The effectcancleaty beseenin Figure 4. In Figures4(b), and 4(c)
weincludedmagnetic sheamandin 4(c) thesheaiisstrongerthanin 4(b) leadngto a
larger jumpin B,. Thiscanbeseerin the contourplot of A asthefield line density
ismuchhigherin thecener abovethe cuspin Figure 4(c) thanin 4(b). In the lower
panel(Figures 4(d—f)) we investigated the same configuraionsasin the upper
pictures but includedgravitation. One can seethat without shear(Figure 4(d)),
the configuration gets wider with increasing z. (If one uses the redlistic value
I = 7.5 inseadof [ = 2.5 the configuration will become unredlisticaly wide
without shear) The inclusion of shearreducesthis effectandif oneinvestgates
force-free configurations (0P(A)/0A = VP = 0) or nearly-force-free solutions
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(8B§(A)/8A > 8P(A)/8A), which is accompli®iedin Figures4(c) and 4(f),
the effect of gravitation vanishes.

3.3. SOLUTIONSIN SPHERCAL GEOMETRY

Now we presentsomesampé solutionsof heimetstreamerconfiguationsin spher
ical coodinats. This geomety is of coursemore reaistic to descibethe coronal
magneic field on large scales.In this secion we also includethe influenceof the
solar gravitationalfield on the structure of the solutionsfrom the beginning. With
U = U(r) = —GM,/r wegetasin Cartesiangeonetry (seeSecton 3.2)

k(r) = exp (—é) exp (%) . (40)

Here we use theredlistic value! = 7.5.

In Figure 6(a) we show a field line plot of a solution in which we prescribed
the total pressue aspo(r) = k(r) [s1exp(—s2(r — 1)) 4+ s3] andusedthe sane
parametersasin Figure2(a) (see Table|, cased). Thuspo(r)/k(r) variesin thesame
way as po(z) in the Cartesian casewithoutgravitation. Theeffects of the different
geomety shav up asabending of the outer streamestowardsthe equatrial plane.

In Figure 6(b) (see Table II, case b) we present a solution with cusp structurein
sphercalgeomety with the total pressue

— 1
k(r) |a M)n +b| for r<regp
po(r) = Teup (41)

k(r)b for r > reugp

and use the sameparameers as in Figure 3(c). Again the bendng of the outer
streanersisobvious.

We remark that prescribing the parameters ¢y, c2, and po(R;) is equivalent to
prescibing the nomal componentof the magneic field at the solar suface.This
propety of the solutions could be usedto match measued magneitc fields and
geneeste the correspondig streamerstructure.

4. Conclusionsand Outlook

We have developeda compaatively simple procedue basedon the method of
asymptotic expansion to calculate equilibria of triple helmet streamer structures.
The procedue represens a genesdlizaion of the asympotic expanson method
usedin thetheoryof magnetotailequilibria (Schindley 1972;Birn, Sommer and
Schindler, 1975;SchindlerundBirn, 1982) We have applied this procedueto the
calculationof stationarystatesof triple helmetstreamersindervariousconditions
andinvestgatedthedependencef thesolution propetiesonthemodelparameters,
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Figure 6. Magneic field lines (contour plot of ¢(r, 6)) for triple helmet streamersin spherical
geomety (seetext).
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theinfluenceof the solar gravitationalfield, the inclusion of field alignedflow and
onthe bast geomety used.

As anext step we plan to use the cal culated configurations as starting equilib ria
for MHD simulations. Thesesimulationswill answer the question of stability which
wedid notaddessin this paperandprovideimportant insightsinto possble mech-
anismsof eruptive phenomenin the solar atmosphee, especally thoseconneced
with atriple structure of the solar corona.The simulationsshoutl have relevance
both for hugecoronalmassejecionsandvery smal but frequenteruptionswhich
may representthe source mecharsm of the slow solar wind.
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Appendix

Here we calculate the terms 90 A /dpo andd A / 0k which where not explicitly given
in Equaton (15).

MIDDLE STREAMER

With ¢ = —¢1, k = k1 andzg = 0 onefinds:

0A 1 < 1 car ( DO >>
— =—|——+ ——=tanh (/= cx ,
dpo < \ po V2po 2

o4 _ 1
0k, N kic1 '
OUTER STREAMERS

With ¢ = ¢p, k = ky andzg = 202 (SeeEquaton(23)) onefinds:
0A
dpo

(2\/])_0\/04_101\/}0 coshaz) + Sinh(az)po\/?\/a_l\/piowclcz —2d9nh(az)(c1 + 02))

2 (pg/z\/a_lcl\/% COSI’(OJz)Cz)
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0A . 1 . [1
oy (Slnh(az)po p—ocz + sinh(a2)po p—ocl—

—\/p_o\/oz_lcl COSf'(Otz))/\/p_o\/Ot_lkzcl COSf'(Otz)Cz) .
Therfore we usedas abbreviations:

_ po— ko explea Ay)
o1 =
Do

?

1 1
Q= é\/p_o (\/éxclcz + 2 actanh(y/a1) [ —ca2+

po
[1
+2 arctanh(\/al) —C]_> /Cl .
po
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