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Tikhonov regularization: Bayesianview

Weconsiderameasurementof
�

asanexperimentwhichmodifies
the probablitydistribution of expectedmodelparameters� . The
inversionproblemis equivalentto thedeterminationof the

conditionalprobability ������� �	� of � given
�

FromBayestheorem
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Illustration of Bayes theorem for a nonlinear problem % = & ')(+*,( and an ob-
servation %.-0/21 . The probability 34'5(6* in Bayes theorem is renamed 387:9<;=')(+* .
Here��� � ��� � is theprobabilitythatwemeasure

�
if themodel � is

given(forwardproblem).Typically,

��� � ��� �?> @BADCFE GHJILK MNPOHRQ �TS � � H E U H)V O
for Gaussiannoisewith varianceN OH of datum

U H . An alternative is
Poissonnoiseoftenusedin imageprocessing.
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Tikhonov regularization: A-priori knowledge

Theprobability ��� ��� in Bayestheoremis assumeda constantand
ignoredif

�
is theobservationwehave justmade.

The probability ����� � in Bayestheoremis more interesting. For-
mally it is the pdf of the model � without any knowledgeof

�
(a-priori pdf).

����� �?W �YX[Z]\^��� �_
 `Bacb�aed X agfih �����kj �	�+lY�
If we have no prior ideahow � might look like, � XmZ]\ ��� � is uniform
andanotherconstantwhich we could ignore. Any otherknowl-
edgeor even guesscan be cast into �YX[Zn\^�� � . Popularnontrivial
choicesare: �YX[Z]\^��� �o> @BADCFEFp qH5ILK �r H E r X[Z]\H � O

( � is probablycloseto a standardmodel � X[Zn\ )
� X[Z]\ ��� �o> @BADCFEsp qH5ILK �r HJtLK E u r H+v r H]wxK � O

( � is probablysmoothandhasminimal 2y ` derivative)

�YX[Zn\^�� �o> @[ADCsEFp qHJIzK r H|{~}5��� r Hr X[Zn\H � E M��
( � is positiveandhasmaxentropy deviation from standard)

Theconstant
p

expressesthecertaintyof thea-prioriknowledgeor
assumption.Otherformsof }5� �YX[Z]\ work aswell aslongasthey are
convex functionsof � .
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Tikhonov regularization: Minimizing function

Inverseproblem
E��

getthemostprobablemodel� from themax-
imum of conditionalprobability ������� ��� for givenobservations

�
.

Equivalently, weminimize
E }5� ������� �	� , or� ��� �_
 GHJILK Q ��S � � H E U H V O E N O }5� � X[Z]\ ��� �
 � S � E �s� O v � � � E � X[Zn\ � O

whereweassumedthefirst a-priori pdf from thepreviouslist andN OH = N O independentof � .� Insteadof finding theroot of a linearproblem S � E �
we now

have to minimizeaquadraticfunction
� ��� � .� � ��� � hasmany names:merit function,costfunction,misfit func-

tion, objective function. In my view it hassomethingof a thermo-
dynamicpotential.� Theregularizationparameter� is theproductof thecertainty

p
of thea-priorymodelandthenoisevarianceof thedataN O .
The dataterm and the regularizationterm in

� ��� � can be com-
binedformally becausethe a-priory information is equivalent to
anobservation.� ��� ��
 ���S � E ���� O where

�S 
 � S� �o�+� � �� 
 � �� � � X[Zn\ �
and � is theunit matrix in dataspace.Whenwe discussiterative
schemes,weoftenmean

�S and
��

whenwewrite S and
�

.� Since � hasunit eigenvalues,thesmallestSVD eigenvalueof
�S

is now
� � - any nullspacehasvanished.� Generalizationsto otherregularizationoperators��� Ee� ��� are

obvious.Thefinal nullspaceof
�S is � �TS � j�� � � �

.
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Tikhonov regularization: SVD analysis

Theconsequencesof theTikhonov regularizationtermwhichstems
from thea-proriknowledgeaboutthemodelcanbestbestudiedby
anSVD analysisof

�
.

Theminimumof
� ��� �	
 � S � E ��� O v � � � E � X[Zn\ � O is identical

with therootof its first derivativeS �LS � E S � � v � ��� E � X[Z]\ ��
 �
Insertionof theSVD system S 
 GH5ILK�� H,�YH��LHGHJILK � H { � OH � � HB¡ � �¢E � H � � Hm¡ �	� v � � � H[¡ � �¢E � � � H[¡ � X[Z]\ � � 
 �
£�¤ � 
 GHJIzK � H � � H ¡ � �_
 GH5ILK � H {¦¥ � � H ��YH � � H ¡ �	�§ ¨ª© «

filtered
SVD

inverse

v �� OH v � � � H ¡ � X[Z]\ �§ ¨ª© «¬ nullspace
partof � X[Zn\

�

It differsfrom theSVD inverseby filter factors¥ � � ��
 � O� O v �
andaselectivecontribution from � X[Z]\ wherethe � H aresmall.

T


i
®
k
¯
h
°
o± n² o± v³  f

´
i
®
l
µ
t
¶
e· r¸  f´ a¹ cº t¶ o± r¸

-2» .¼ 0½ -1¾ .¼ 5¿ -1¾ .¼ 0½ -0
½

.¼ 5¿ 0
½

.¼ 0½ 0
½

.¼ 5¿
loÀ gÁ (Â )Ã0

½
.¼ 0½0
½

.¼ 20
½

.¼ 40
½

.¼ 6Ä0
½

.¼ 8Å1.¼ 0½1¾ .¼ 2»

2Æ /Ç (È 2Æ +
)É

0
Ê
.Ë 3Ì0

Ê
.Ë 10

Ê
.Ë 0Ê 3Ì0

Ê
.Ë 0Ê 10

Ê
.Ë 0Ê 0Ê 3Ì =

Filter factor ÍÎ'ÏÐ* for Tikhonov regularization
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Tikhonov regularization: Regularization parameter

Thereis no perfecttheoryabouthow to chosetheoptimalparam-
eter � . It doesobviouslymakenosenseto minimize� ���zÑ �_
 � S �zÑ E ��� O v � � �LÑ E � X[Z]\ � O
any furtherafter

� S � Ñ E �s� O	Ò Ó N O hasbeenreached.E��
Mozorov’sdiscrepancy principle:
chooseÔ Õ 1 (typical2 ÖªÖ|Ö 3), initial � Õ �

, continue=true
dowhile (continue)

find �zÑ = argmin
� ���zÑ �

if
� S �zÑ E ��� O�× Ô Ó N O continue= false

elseif
� S � Ñ E ��� O Õ Ô Ó N O reduce�

elseif
� S �zÑ E ��� O Ò Ô Ó N O enhance�

endwhileE��
Anotherway is to plot theL-curve. Theoptimal � is where
theL-curvehasits strongestpositivecurvature.
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the iteration path towards the solution vs magnitude of the regularization term.
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Tikhonov regularization: Solution examples

Thesolutions�zÑ in thepreviousdiagramaretakenfrom a 2D to-
mography testproblem.Theregularizationoperator� waschosen
asa 2�+÷ orderdifferentialoperator. Hence,thesolutionsbecome
smootherfrom right to left as � increases.
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Example solutions (�
 for different ö . The upper left shows ( � 9��� for comparison.
The solution numbers refer to the numbers along the L-curve.
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Iterati ve methods:Landweber iteration

Thegoalof aniterationis to decrease
� ��� � =

� S � E ��� O stepwise
by replacing � � \ b Z�� Ee� � � \ b Z tLK � . To insureconvergenceeachstep
mustproceeddownhill, i.e., � � \ b Z tzK � E � � \ b Z�� musthaveacomponent
alongthedescentdirectionE Mu�� � ��� � \ b Z�� �§ ¨ª© « 
 E S � ��S � � \ b Z�� E �§ ¨ª© « �_
 E S � S ��� � \ b Z�� E � � b Z�� h �§ ¨ª© « �� � \ b Z�� dataerror � � \ b Z�� modelerror � � \ b Z��
Thesimplestiterationschemeis theLandweberinteration:� � \ b Z tLK � 
 � � \ b Z�� E Ô � � \ b Z��
Themodelerrorthenchangesateachstepby (simplysubtract� b Z�� h
from bothsides)

� � \ b Z tLK � 
 � � \ b Z�� E Ô�S �zS � � \ b Z�� 
 � � E Ô�S �zS � \ b Z � ��� �E��
erroronly declinesif 1 Õ Ô�� (greatesteigenvalueof S � S ).

The error at iterationstep(itr+1) canbe expressedasa polynom \ b Z of orderitr of thematrix S � S appliedto theinitial error:

� � \ b Z tLK � 
  \ b Z ��S � S � � ��� �
For theLandweberiterationthepolynomis

 \ b Z � � O ��
 � M E Ô � O � \ b Z .
For optimum Ô , the polynom

 \ b Z � � OH � is minimal at eacheigen-
value � OH of S � S .
Theerrorimprovement� � \ b Z tLK � - � ��� � is built upasavectorof

Krylov space ! \ b Z �TS �LS � � �"� � �
 # C�$ �&% S �LS � ��� � � �TS �RS � O � ��� � � Ö|ÖªÖ � �TS �RS � \ b Z � ��� ��'
whichexpandswith every iterationstep.
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Iterati ve methods:SVD analysis
of Landweber interation

Whatdoesthesolutionlook like if we stopat iterationitr ?� � \ b Z tLK � 
 � � \ b Z�� E Ô � � \ b Z�� 
 � � E Ô�S �LS � � � \ b Z�� v Ô�S � �
wherewe insertedtheexpressionfor

�
. Hence,� � K � 
 � � E Ô�S � S � � �"� � v Ô�S � �� � O � 
 � � E Ô�S � S � O � ��� � v � � E Ô�S � S � Ô�S � � v Ô�S � �

...� � \ b Z�� 
 � � E Ô�S � S � \ b Z � ��� � v \ b Z wYK
( I � � � E Ô�S � S � ( Ô�S � �

ReplaceS � S by its SVD system

� � \ b Z�� 
 GHJILK �LH {  \ b Z � � OH �§ ¨ª© « � �zH ¡ � �"� � � v ¥ \ b Z � � H ��YH � � H ¡ ��� �
decayslike � � \ b Z��

wherethefilter factorsfor theLandweberiterationare

¥ \ b Z � � �_
 Ô � O \ b Z wYK( I � � M E Ô � O � ( 
 M E � M E Ô � O � \ b Z
L
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Iterati ve methods: Steepestdescent

TheLandweberiterationcanbeimprovedif thestepsizeÔ is cho-
senwith morecare.

Themethodof steepestdescentdeterminesthestepsizeÔ at each
stepso that the minimum alongthe descentdirection is reached
(line search): 9� �TÔ �?W � ��� � \ b Z�� E Ô � � \ b Z�� �
 � S �� � \ b Z�� E Ô � � \ b Z�� �¢E ��� O 
 � � � \ b Z�� E Ô�S � � \ b Z�� � O
 � � � \ b Z�� � O E u Ô �:� � \ b Z�� ¡ S � � \ b Z�� � v Ô O � S � � \ b Z�� � O
This givesa stepsizeof

Ô 
 �:� � \ b Z�� ¡ S � � \ b Z�� �� S � � \ b Z�� � O 
 � �TS � � � \ b Z�� � ¡ � � \ b Z�� �� S � � \ b Z�� � O 
 � � � \ b Z�� � O� S � � \ b Z�� � OE��
Consequence:The new descentdirection

� � \ b Z tLK � is perpen-
dicularto theold

� � \ b Z�� .

H

L  - (; 1)<

 - (; 2= )<
 - (; 3> )<

Sequence of iteration steps of the steepest decent algorithm
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Iterati ve methods:Conjugate gradients

An essentialfurther improvementis achieved if the new search
directionis chosennot orthogonalto theold, but sothat it is con-
jugateto theold.

CGdoesnotadvanceexactlyalongthedescentdirectionbut� � \ b Z tLK � 
 � � \ b Z�� E Ô@? � \ b Z�� where ? � \ b Z�� 
 � � \ b Z�� v A ? � \ b Z wxK �
A is chosensothat ? � \ b Z�� and ? � \ b Z wYK � are S � S -orthogonal(conju-
gacy) which makessuccessivedataerrorvectorsorthogonal��
 �B? � \ b Z wxK � ¡ S �LS ? � \ b Z�� �
 ��S ? � \ b Z wYK � ¡ S ? � \ b Z�� ��
 �:� � \ b Z wxK � ¡ � � \ b Z�� �
Theoretically, CGneedsatmost Ó stepsto find theminimum.The
error polynom � � \ b Z�� 
  \ b Z �TS � S � � ��� � is constructedso that for
itr= Ó its rootsareplacedexactly at theeigenvaluesof S � S . For
itr Ò Ó , �B� � \ b Z�� ¡ S � S � � \ b Z�� � hasno morecontributionsfrom thecur-
rentKrylov space! \ b Z ��S � S � � �"� � �

H

L - (; i tC r - 1)<

- (; i tC r)<
- (; i tC r)<

Conjugacy of DFE ; � 9HG and DFE ; � 9�IKJ�G causes a 2D minimum to be reached
in 2 steps.
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Iterati ve methods: Non-Krylo v spaceschemes
Kaczmarz iteration

The idea is simple: considereachrow of S � E � 
 �
as the

definition of a hyperplanein modelspaceL G . Eachhyperplane
hasthe � b�M columnvectorof S � = %ON K � N O � ÖªÖªÖ � N G ' asits normal.
Then � hasto satisfy Ó thehyperplaneequations

U H 
 � N H ¡ � �
Kaczmarz’s recipeis:

selectinitial �
dowhile (noconvergence)

do for everydatum
U H

project � ontotheplane
U H 
 � N�H ¡ � �

endfor
endwhile� Goodconvergenceif theproblemis consistent,i.e., if theplanes

all intersectin al leastonepoint.� No convergenceif theproblemis inconsistent
E �

underrelax

1P

(Q 1 )
R
= 1

2S
3T

4

(U i tV r)W
(U iX tV rY +Z 1[ )W

1[ 1 - (Q 1
(U iX tV rY )W )R

(Q 1 1)
R

Kaczmarz’ scheme is a sucession of projections onto planes. If the
planes do not intersect in one point, ( will jump around in a limited
region around the point which has a minimum distance to all planes.
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Iterati ve methods: Non-Krylo v spaceschemes
Multiplicati ve reconstruction

Ratherthanaddinga correctionto � � \ b Z�� , why not multiply a cor-
rection factor? Numerousvariantsof sucha schemeexist. The
basicscanbecodedin a few lines:

define�]\ 
 S �
selectinitial � �"� �
dowhile (noconvergence)

set � � \ b Z�� = S � S � ��� \ b Z��
correctr � \ b Z tLK �H = r � \ b Z��H r � \ �Hr � \ b Z��H for � 
 M � Ó

endwhile

Theschemeconvergesbecausethecorrectionaddedto eachr � \ b Z��H
r � \ b Z tLK �H E r � \ b Z��H 
 r � \ b Z��H � r � \ �Hr � \ b Z��H E M � 
 r � \ b Z��Hr � \ b Z��H � r � \ �H E r � \ b Z��H �


 r � \ b Z��Hr � \ b Z��H �TS � � E S �zS � � \ b Z�� � H 
 E r � \ b Z��Hr � \ b Z��H l � \ b Z��H
is again alongthedescentdirection,however with a differentstep
sizefor eachcomponent� . Note S � S is positive andtherefore
thefactor r � \ b Z��H ^ r � \ b Z��H is alwayspositiveor zeroif theinitial � is.

Advantages:� � neverchangessignduringtheiteration,i.e.,negativedensities
or intensitiesareautomaticallyavoided.� If yourmodeldomainhasa complicatedboundary, useasimple
squaregrid box andset initially all r H outsideof your domainto
zero.Therespectivegrid pointswill not contribute.
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Iterati ve methods:Performancetest
without noise
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Evolution of data error (top) and model error(bottom) for different
iteration schemes. The problem to be solved was consistent.
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Iterati ve methods:Performancetest
with noise- semiconvergence
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Evolution of data error (top) and model error(bottom) for different
iteration schemes. The problem to be solved was inconsistent, noise
with standard deviatiuon of 5% of maximum signal was added to % .
Note that the model error eventually increases while the data error is
still iterated down.
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Nonlinear methods: Weaknonlinearity

Thetreatmentof nonlinearproblemsis still at a somewhatexperi-
mentalstage.

The nonlinearity is weak if the minimizing function can be ex-
pandedaroundanapproximatesolution� ��� �?
 �{z ��� � E �s� O
 �{z ��� a X[X[Z}| � v �� E � a XmX[Z}| � ¡ � z ��� a X[X[Z~| �¢E �s� O
andhigherderivativescanbeneglected.This is thecaseif either� thestructureof

z
allows for suchanexpansionor� theguess� a X[X[Z~| is sufficiently closeto theexpectedsolution.

In caseof a weaklinearity, a safeapproachis to embedda linear
problemsolver in an iterative correctionof theapproximatesolu-
tion:

select� a X[X[Z~|
dowhile (

��� � � O Õ �
)

set
� � 
 � E z ��� a XmX[Z}| � , S � 
 � z ��� a X[XmZ}| �

minimize
� S � � E � ��� O

correct� a X[XmZ}| 
 � a X[X[Z~| v � �
endwhile

� If the linearsolver is iterative, theexternalnonlinearcorrection
and the inner linear iteration can be combined,e.g., by an im-
provedline search.� Generalyspeaking,for nonlinearmethodstheemphasisis more
on the fact that the right solution(global minimum ratherthana
local minimum) is found or thata solutionis found at all , while
for linear schemesthe convergencespeedis an issue

E �
switch

to a linearschemeif � a X[X[Z~| is sufficiently closeto thesolution.
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Nonlinear methods:Levenberg-Marquardt

Even with nonlinearitythe Landweberiteration into descentdi-
rectionshouldstill work providedthestepsizesaresmallenough.
However, if thenonlinearityis weak,a fasterconvergencewould
bedesirable.

Expand
� ��� � =

�{z ��� � E ��� O asbefore� ��� � × � ��� a XmX[Z}| � v u � � � ¡ � � v � � � ¡ S � S � � � whereE � 
 E S �P� z E �	�
at � a X[X[Z~| is thedescentdirectionS � 
 � z

at � a X[X[Z~| is theJacobianof
z

To approachtheminimum,wehave to correct� a X[XmZ}| by� � with S �LS � � 
 E �
while a Landweberstepwouldbe

� � 
 E Ô �
with

MÔ Õ largesteigenvalueof S � S
Bothstepsarecombinedin theLevenberg-Marquardtscheme:

select� ��� � and Ô , calculate
z �"� � 
 z �� ��� � � , setitr=0

dowhile (
��� � � O Õ �

)
calculateS � 
 � z �� � \ b Z�� �
set

� 
 S � � z � \ b Z�� E �	�
solve �TS � S v MÔ � ��� � 
 E �
correct� � \ b Z tzK � 
 � � \ b Z�� v � �
calculate

z � \ b Z tzK � 
 z ��� � \ b Z tzK � �
if

��z � \ b Z tLK � E �s� O Ò ��z � \ b Z�� E ��� O enhanceÔ
elseif

��z � \ b Z tLK � E ��� O Õ �{z � \ b Z�� E ��� O reduceÔ
itr=itr+1

endwhile
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Artificial neural network (ANN)

For a linear problem:Constructinversematrix � which solves� 
 S � by � × � �
� has Ó v � unknown elementswhich areto bedeterminedby
a trainingsphase:producepairs % � H � � H ' , � 
 M ��� andsolve the
linearproblem

% � K � ÖªÖ|Ö � ��� ' � 
 % � K � ÖªÖ|Ö � � � ' � � �
Use conventional linear methods(e.g., Kaczmarziteration) ex-
tendedfrom vectorsto matrices.� mustbe � � to avoid theprob-
lem to beunderdetermined.Mind linear independenceof

� H
and� H .

For a nonlinear problem:Vectors� and
�

areconsideredaslay-
ers,elementwiseconnectedby a matrix. Thematrix elementsde-
fine thestrengthof this connection.Thesimplestextensionof the
linearcaseis the threelayerperceptronwith two matrices� and� in between

input
layer

� �E � intermediate
layer

z �EB� output
layer �

On every layer, the “signal” is modifiedby the sigmoidfunction#���� ��� ��
 M ^ � M v @ wO� �
. Hencetheinversionis donein two stepsz 
 #���� ��� ��� � � 
 #���� ��� z � �

Sincethe intermediatelayer hasto passall relevant information,
its dimensionmustbeat leastthedimensionof

��� � � Ó � � �
.� Trainingis ratherexpensive� Once � and/or � arefound,inversionis fast� Adaptationto differentSNRlevelsis aproblem
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Simplex Optimization

Ratherthan pusha single � throughmodel spaceon searchof
the minimum with nonlinearproblemsit may be effective to let
awholebunchof � do thesearchin parallel.
The simplex optimizationalgorithm employs Ó v M

vectors � H .
They form the verticesof a simplex in modelspaceL G if the Ó
edgevectors� H E � G tLK , � =1,Ó arelinearly independent.
Searchstrategy:� Thenew � H area linearcombinationof theold� Maintainthelinearindependenceof theedges� Do not replace� H =��� \ y whichgivesthelowest

� ��� �
but try to improve � H =� � a | whichyieldsthelargest

� �� �
Typicalstepsare:

(
�
2
�

)
� (

�
3
�

)
�

(
�
1)
�

m� a� x�

m� i
 
n¡

Simplex optimization steps. Above:
Line search for the worst with search
direction D directed from the worst (
to the center of the opposite face. Left:
Contraction towards the best ( .

Advantages:� No needto calculatederivativesof
�� Findsaminimumalmostcertainly, evenif

�
is notanalytic.

Disadvantage:� Veryslow convergence,many evaluationsof
�
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Gencodes

Usually we want to find the global minimum of
�

ratherthana
local one.Algorithmswhich satisfythis requesthave to bedriven
by two opposingprinciples:� Tendency to approachaminimumonce� is close� Diversityto exploreunknown regionsof modelspace
Gencodestakeevolutionasamodel(whichassumesthatmankind
astheultimateresultof evolution is theglobalminimum):

Startwith a setof � H , � 
 M �£¢ (population)
Calculate

� H 
 � �� H � (fitness)
Selectthefittest � H in pairsfor marriage
Encode� of eachcoupleto a stringof bits,decimals,

or ÖªÖ|Ö (chromosomes)
Let eachcouplewith someprobabilityexchangea random

partof their chromosomes(recombination):
c¤ ro¥ s¦ s¦ o¥ v§ ër a© f tª ër p« o¥ s¦  5¬

8 3® 4̄ 0° 4̄ 9± 1² 7³
5¬ 1² 4̄ 8 9± 5¬ 3® 2́

8 3® 4̄ 0° 4̄ 5¬ 3® 2́

5¬ 1² 4̄ 8 9± 9± 1² 7³
dad:

mum:

µ
offsprings

Randomlymanipulatefew chromosomesof theoffsprings
(mutation)

Decodechromosomesbackto �
Replaceold generationby theoffspringsandgotostart

Eventually, thefitnesspressure(selection)shouldtakethemajority
of thepopulationto or neartheglobalminimumof

�
.

Numerousvariantsexist for thedifferentsteps(Selection,recom-
bination,mutation),all controlledby probabilitydistributions.
Advantages:� No needto calculatederivativesof

�� Findsaglobalminimum
Disadvantage: � Very slow convergence,many evaluationsof

�� Many parameters(pdfs)for tuning.
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Summary: Which method for which problem?

linear nonlinear nonanalytic

small
size

big
size

SVD,
Backus-
Gilbert

CG

precon-
ditioned

CG

Levenberg-
Marquardt

Steepest
descent

with
NL
line

search

Gencode

Simplex
optim.

� Most methodscanbecombinedwith Tikhonov-regularization,
replaceS Ee� �S and

� E � ��
� If � is supposedto be � 0 andhaslargeareaswith � × 0

try MART.� For somenonlinearproblemstherepeatedcalculationof the
Hessian,i.e., �¶� � × S � S canbeveryexpensive. Simplified
approximationssometimeswork justaswell.
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